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ABSTRACT

We give a quantum algorithm for evaluating formulas over
an extended gate set, including all two- and three-bit binary
gates (e.g., NAND, 3-majority). The algorithm is optimal on
read-once formulas for which each gate’s inputs are balanced
in a certain sense.

The main new tool is a correspondence between a classi-
cal linear-algebraic model of computation, “span programs,”
and weighted bipartite graphs. A span program’s evaluation
corresponds to an eigenvalue-zero eigenvector of the associ-
ated graph. A quantum computer can therefore evaluate the
span program by applying spectral estimation to the graph.

For example, the classical complexity of evaluating the
balanced ternary majority formula is unknown, and the
natural generalization of randomized alpha-beta pruning is
known to be suboptimal. In contrast, our algorithm gen-
eralizes the optimal quantum AND-OR formula evaluation
algorithm and is optimal for evaluating the balanced ternary
majority formula.
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1. INTRODUCTION

A formula ¢ on gate set S and of size N is a tree with
N leaves, such that each internal node is a gate from S
on its children. The read-once formula evaluation prob-
lem is to evaluate p(z) given oracle access to the input
string « = x122...xy. An optimal, O(v/N)-query quan-
tum algorithm is known to evaluate “approximately bal-
anced” formulas over the gates S = {AND, OR, NOT?} [4].
We extend the gate set S. We develop an optimal quan-
tum algorithm for evaluating balanced, read-once formulas
over a gate set S that includes arbitrary three-bit gates,
as well as bounded fan-in EQUAL gates and bounded-size
{AND, OR, NOT, PARITY} formulas considered as single
gates. The correct notion of “balanced” for a formula in-
cluding different kinds of gates turns out to be “adversary-
balanced,” meaning that the inputs to a gate must have
exactly equal adversary lower bounds. The definition of
“adversary-balanced” formulas also includes as a special case
layered formulas in which all gates at a given depth from the
root are of the same type.

The idea of our algorithm is to consider a weighted graph
G(p) obtained by replacing each gate of the formula ¢ with
a small gadget subgraph, and possibly also duplicating sub-
formulas. [Figure 1] has several examples. We relate the eval-
uation of ¢ to the presence or absence of small-eigenvalue
eigenvectors of the weighted adjacency matrix Ag(,) that
are supported on the root vertex of G(¢). The quantum
algorithm runs spectral estimation to either detect these
eigenvectors or not, and therefore to evaluate .

As a special case, for example, our algorithm implies:

Theorem 1.1 A balanced ternary magority (MAJs3) for-
mula of depth d, on N = 3% inputs, can be evaluated by
a quantum algorithm with bounded error using O(2%) oracle
queries, which is optimal.

The classical complexity of evaluating this formula is known
only to lie between Q((7/3)%) and o((8/3)?), and the previ-

ous best quantum algorithm, from [4], used O(\/gd) queries.

The graph gadgets themselves are derived from “span pro-
grams” [19]. Span programs have been used in classical com-
plexity theory to prove lower bounds on formula size |19} 5|
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grams, but it is interesting to speculate that larger span pro-
grams could directly give useful new quantum algorithms.
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Figure 1: To convert a formula ¢ to the correspond-
ing graph G(¢), we recursively apply substitution
rules starting at the root to convert each gate into
a gadget subgraph. Some of the rules are shown
here, except with the edge weights not indicated.
The dangling edges at the top and bottom of each
gadget are the input edges and output edge, respec-
tively. To compose two gates, the output edge of
one is identified with an input edge of the next.

Classical and quantum background.

The formula evaluation problem has been well-studied in
the classical computer model. Classically, the case & =
{NAND} is best understood. A formula with only NAND
gates is equivalent to one with alternating levels of AND and
OR gates, a so-called “AND-OR formula,” also known as a
two-player game tree. One can compute the value of a bal-
anced binary AND-OR formula with zero error in expected
time O(N'&2[0+V33)/4ly — O(NO-75%) 26| 124], and this is
optimal even for bounded-error algorithms [25]. However,
the complexity of evaluating balanced AND-OR formulas
grows with the degree of the gates. For example, in the ex-
treme case of a single OR gate of degree IV, the complexity
is ©(N). The complexity of evaluating AND-OR formulas
that are not “well-balanced” is unknown.

If we allow the use of a quantum computer with coher-
ent oracle access to the input, however, then the situation
is much simpler; between Q(\/N) and N3+to) queries are
necessary and sufficient to evaluate any {AND, OR, NOT}
formula with bounded error. In one extreme case, Grover
search |14 [15] evaluates an OR gate of degree N using
O(V/'N) oracle queries and O(v/Nloglog N) time. In the
other extreme case, Farhi, Goldstone and Gutmann recently
devised a breakthrough algorithm for evaluating the depth-
log, N balanced binary AND-OR. formula in O(v/N) time
in the unconventional Hamiltonian oracle model [12]. Am-
bainis 3] improved this to O(v/N)-queries in the standard
query model. Childs, Reichardt, Spalek and Zhang |9
gave an O(v/N)-query algorithm for evaluating balanced
or “approximately balanced” formulas, and extended the
algorithm to arbitrary {AND, OR, NOT} formulas with
N3t+o) queries, and also N2+ time after a preprocess-
ing step. (Ref. [4] contains the merged results of [3](9].)

This paper shows other nice features of the formula evalu-
ation problem in the quantum computer model. Classically,
with the exception of {NAND}, {NOR} and a few trivial
cases like {PARITY}, most gate sets are poorly understood.

In 1986, Boppana asked the complexity of evaluating the bal-
anced, depth-d ternary majority (MAJs) function [24], and
today the complexity is only known to lie between Q((7/3)%)
and O((2.655...)%) |18]. In particular, the naive generaliza-
tion of randomized alpha-beta pruning—recursively evalu-
ate two random immediate subformulas and then the third
if they disagree—runs in expected time O((8/3)%) and is
suboptimal. This suggests that the balanced ternary major-
ity function is significantly different from the balanced k-ary
NAND function, for which randomized alpha-beta pruning
is known to be optimal. In contrast, we show that the opti-
mal quantum algorithm of [9] does extend to give an optimal
O(Zd)-query algorithm for evaluating the balanced ternary
majority formula. Moreover, the algorithm also generalizes
to a significantly larger gate set S.

Organization.

We introduce span programs and explain their correspon-
dence to weighted bipartite graphs in The corre-
spondence involves considering parts of a span program P
as the weighted adjacency matrix for a corresponding graph
Gp. We prove that the eigenvalue-zero eigenvectors of this
adjacency matrix evaluate P . This theorem
provides useful intuition.

We develop a quantitative version of [L'heorem 2.5|in [Sec
We lower-bound the overlap of the eigenvalue-zero
eigenvector with a known starting state. This lower-bound
will imply completeness of our quantum algorithm. To show
soundness of the algorithm, we also analyze small-eigenvalue
eigenvectors in order to prove a spectral gap around zero.
Essentially, we solve the eigenvalue equations in terms of
the eigenvalue A, and expand a series around A = 0. The
results for small-eigenvalue and eigenvalue-zero eigenvectors
are closely related, and we unify them using a measure we
term “span program witness size.” In this extended abstract,
we only sketch the proofs in leaving the details to
our extended arXiv preprint |23].

applies the span program framework to the for-
mula evaluation problem. is our general re-
sult, an optimal quantum algorithm for evaluating formu-
las that are over the gate set S of [Definition 4.1} and that
are adversary-balanced (Definition 4.5). The proof of [The|
has two parts. First, in [Section 4.2] we display an
optimal span program for each of the gates in §. Second, we
compose the span programs for the individual gates to ob-
tain a span program for the full formula . This is equivalent
to joining together the gadget graphs described in
to obtain a graph G(¢). We combine the spectral analy-
ses of the individual span programs to analyze the spectrum
of G(¢) (Theorem 4.14)). This analysis straightforwardly
leads to a quantum algorithm based on phase estimation of
a quantum walk on G(yp), in

concludes with a discussion of some extensions
to the algorithm.

2. SPAN PROGRAMS AND EIGENVALUE-
ZERO GRAPH EIGENVECTORS

A span program P is a certain linear-algebraic way of spec-
ifying a function fp. For details on span programs applied
in classical complexity theory, we can still recommend the
original reference [19] as well as, e.g., the more recent [13].



Definition 2.1 (Span program) A span program P con-
sists of a nonzero “target” vector t in a vector space over C,
together with “grouped input” vectors {v; : j € J}. Each v;
is labeled with a subset X; of the literals {z1,Z1,...,Tn,Tn}.
To P corresponds a boolean function fp : {0,1}" — {0,1};
defined by fp(xz) =1 (i.e., true) if and only if there exists a
linear combination Zj a;v; =t such that a; = 0 if any of
the literals in X; evaluates to zero (i.e., false).

Example 2.2 For example, the span program

Xs={z} {z2} {z3})

1 U U O
t = vy=| v3 8 V3
0 ’ 1 2mi/2 ,—2mi/3

computes the MAJs function. Indeed, at least two of the
v; must have nonzero coefficient in any linear combina-
tion equaling the target t. Of course, the second row of
(vi w2 wv3) could be any (o« [ ) with «,B,v distinct
and monzero, and the span program would still compute
MAJs. This specific setting is used to optimize the running

time of the quantum algorithm .

In this section, we will show that by viewing a span pro-
gram P as the weighted adjacency matrix Ag, of a certain
graph Gp, the true/false evaluation of P on input x corre-
sponds to the existence or nonexistence of an eigenvalue-zero
eigenvector of Ag, (x) supported on a distinguished output
node (Theoren 5.9,

In turn, this will imply that writing a span program P
for a function f immediately gives a quantum algorithm for
evaluating f, or for evaluating formulas including f as a gate
(Section 4). The algorithm works by spectral estimation on
Acp(z). Its running time depends on the span program’s

“witness size” (Section 3|). For example, if fp(z) is true, then

the witness size is essentially the shortest squared length of

any witness vector (a;)jes in|Definition 2.1

Remark 2.3 Let us clarify a few points in[Definition 2.1}

1. It is convenient, but nonstandard, to allow grouped
inputs, i.e., literal subsets X; possibly with | X;| > 1, instead
of just single literals, to label the columns. A grouped input
j can be thought of as evaluating the AND of all literals in
X;. A span program P with some | X;| > 1 can be expanded
out so that all |X;| < 1, without increasing 3_;|X;|, known
as the size of P.

2. It is sometimes convenient to allow X; = (0. In this
case, vector v; is always available to use in the linear combi-
nation; grouped input j evaluates to true always. However,
such vectors can be eliminated from P without increasing the
size or changing t [19, Theorem 7].

8. By a basis change, one can always adjust the target
vector t to (1,0,0,...,0).

2.1 Span program as an adjacency matrix

A span program P with target vector ¢ = (1,0,...,0)
corresponds to a certain weighted bipartite graph.

Notation: For an index sequence H = (hi,...,hy|) and
a set of variables {an}, let an = (an,,...,an ). For ex-
ample, vy denotes the sequence of grouped input vectors. It
will be convenient to define several more index sequences:
O (“output”), C' (“constraints”) and I (“inputs”). Let O and
C together index the coordinates of the vector space, with

Figure 2: The bipartite graph Gp corresponding to
span program P (the output edge is (a0, bo), while
the grouped inputs are ai,...,a;).

O = {1} being the first coordinate, and C' the remainder.
Let I; index X foreach j € J, and let I = ., I; a disjoint
union. (Since |I;| = |Xj;|, |I| = size(P).)

We will construct a graph Gp on |I| + |J| + |C| + 2|0
vertices. Writing the grouped input vectors out as the
427) = Sies il Aoy is a
1 x |J| matrix row, and Acys is a |C| x |J| matrix. Let
Ay = ZjeJ,z‘el_,» |i)j|; Ars encodes P’s grouped inputs.
Now consider the bipartite graph G p of the upper
right block of whose weighted Hermitian adjacency matrix
is Agp. (The adjacency matrix is block off-diagonal be-
cause the graph is bipartite.) The edges (a;,b;) for j € J
and i € I; are “input edges,” while (ao,bo) is the “output
edge.” The input and output edges all have weight one. The
weights of edges (bo,a;) for j € J are given by Aoy (the
first coordinates of the grouped input vectors v;), while the
weights of edges (be,a;) for ¢ € C,j € J are given by Acy
(the remaining coordinates of vy).

Example 2.4 For the MAJs span program of[Example 2.2
|C| =1, [I| = |J| = 3, the graph Gp is shown in |Figure 1

and the matriz Ag, is

jedJ

columns of a matrix, let

1l L 1
V3 V3 V3

0 1 62772'/3 —2mi/3

0f 1 0 0

0 0 1 0

0| 0 0 1

2.2 Eigenvalue-zero eigenvectors of the span

program adjacency matrix

Theorem 2.5 For an input © € {0,1}", define a weighted
graph Gp(x) by deleting from Gp the edges (aj,b;) if the ith
literal in X; is true. Consider all the eigenvalue-zero eigen-
vector equations of the weighted adjacency matriz Agp(a),
except for the constraint at ao. These equations have a solu-
tion with support on vertex ao if and only if fp(x) =1, and
have a solution with support on bo if and only if fp(z) = 0.
ProoOF. Notation: Use a;,b;,be,a0,bo to denote coeffi-
cients of a vector on the vertices of Gp. Let Ars(x) include
only edges to false inputs, i.e., A1y (z) = 30, faee i1, [e)7].
The eigenvalue-\ eigenvector equations of Ag, (5 are

Abo =ao + Aojay (2.1&)
ANoc = Acjay (2.1b)
)\b[ = A[J(x)a(] (2.1C)
Aao = bo (2.1d)
Aay = AL bo + AL be 4+ Al (2)br (2.1e)



At A = 0, these equations say that for each vertex, the
weighted sum of the adjacent vertices’ coefficients must be
zero. We are looking for solutions satisfying all these equa-
tions except possibly Eq. Since the graph is bipartite,
at A = 0 the a coefficients do not interact with the b coeffi-
cients. In particular, Egs. ,e) (resp. [2.1p-c) can always
be satisfied by setting the b (resp. a) coefficients to zero.
By scaling, there is a solution with nonzero ao iff there is
a solution with ap = —1. Then Eqgs. ,b) are equivalent

tot = (’:gi)aj = Z]. ajv;. Moreover, Eq. [(2.1¢)| implies

that a; can be nonzero only if grouped input j is true. (If
X includes any false inputs, then Ar;(z)|j) # 0, s0 a; =0.)
These conditions are the same as those in

Next, we argue that there is a solution of Eq. with
A=0and bo =1 if and only if fp(z) = 0. Indeed,

fr(2) =0 t ¢ Span{v; : j true} = t ¢ Range[ (42211

where II = 37, - 17)j|. In turn, this holds iff there is a
vector w orthogonal to the range and having inner product

one with t—precisely constraint |(2.1e)| with w = (Zg ) U

Remark 2.6 By we can think of the graph
Gp as giving a “dual-rail” encoding of the function fp: there
is a A = 0 eigenvector of Gp(x) supported on ao if and only
if fp(x) =1, and there is one supported on bo iff fp(z) = 0.
This justifies calling edge (ao,bo) the output edge of Gp.

2.3 Dual span program

A span program P immediately gives a dual span pro-
gram, denoted PT, such that fpi(z) = —fp(x) for all
x € {0,1}". For our purposes, though, it suffices to define a
NOT gate graph gadget to allow negation of subformulas.

Definition 2.7 (NOT gate gadget) Implement a NOT
gate x — T as two weight-one edges connected .
The edge (a;,b;) is the input edge, while (ao,bo) is the out-
put edge. The middle vertex a; = bo is shared.

At A = 0, the coefficient on ao is minus that on b;, and
a; = bo by definition. Therefore, this gadget complements
the dual rail encoding of

The NOT gate gadget of can be used to
define a dual span program P' by complementing the output
and all inputs with NOT gates, and also complementing all
input literals in the sets X ;. Since it is not essential here,
we leave the formal definition as an exercise. Alternative

constructions of dual programs are given in .

Example 2.8 For distinct, nonzero «, 3,7, the span program

X;=(00 {z1} {z2} {z3})

1 10 0 0 0
= |0 ,,—fte 1 0 0
ol 180 1 0
0 1y 0 0 1

computes = MAJ3(z1,x2, x3). It was constructed, by adding
NOT gate gadgets, as the dual to the span program in [Ex]
up to choice of weights.

1| T2 T3] T4| X5

Figure 3: Graph for MAJs(z1, 22, MAJs(x3, x4, 25)),
with input edges labeled by the associated literals.

Figure 4: Graph for MAJ3(z1, %2, x3) D4, and its eval-
uation on input x = 1100.

2.4 Span program composition

Definition 2.9 (Composed graph and span program)
Consider span program @ on {0,1}" and programs Q,
i € [n] = {1,...,n}, with corresponding graphs G¢q and
Gq,. The composed graph is defined by identifying the
input edges of Gg with the output edges of copies of the
other graphs. If an edge corresponds to input literal x;, then
identify that edge with the output edge of a copy of Gq,;
and if an edge corresponds to T;, then insert a NOT gate
gadget (i.e., an extra vertez, as in before a
copy of Gq,. The composed span program, denoted Qo Q[y,
is the program corresponding to the composed graph (i.e.,
GQoqy, 18 the composed graph). Thus fqoq,, = fa o fq,-

Definition 2.10 (Formula graph and span program)

Given span programs for each gate in a formula ¢, we define
the span program P(y) as their composition according to the
formula. Let G(p) be the composed graph, G(¢) = Gp(y)-

Example 2.11 For example, the span program

X7 ={z1} {z2} 0 {za} {wa} {z5})

1 1 1 1.0 0 O
t_O = | @ B ~ O 0 0
ol [ o o1 1 1 1

0 0O 0 0 a (B 7«

is a composed span program that computes the function
MAJs(z1, x2, MAJ3(x3, x4, x5)), provided «, B, are distinct
and nonzero. (See|Ezample 2.2 ) |Figure 3 shows the asso-
ciated composed graph.

Example 2.12 (Duplicating and negating inputs)

To the left in[Figure ] is the composed graph for the formula
MAJ3(x1, 2, x3) Dxs = EQUAL,(MAJ3(x3)),Za), obtained
using the substitution rules of. (A span program for



PARITY will be given in ) Note that we are
effectively negating some inputs twice, by putting NOT gate
gadgets below the negated literals T1, T2, T3. This is of course
redundant, and is only done to maintain the strict corre-
spondence of graphs to span programs, as in
by keeping the input vertices by at odd distances from ao.
To the right is the same graph evaluated on input r =
1100, i.e., with edges to true literals deleted. Since the for-
mula evaluates to true, promises that there is
a A = 0 eigenvector supported on ao. In this case, that
eigenvector is unique. It has support on the black vertices.

3. SPAN PROGRAM WITNESS SIZE

In [Section 2| we established that by converting a for-
mula ¢ into a weighted graph G(¢), by replacing each gate
with a gadget subgraph coming from a span program, the
eigenvalue-zero eigenvectors of the graph effectively evalu-
ate . The dual-rail encoding of p(x) = fp(,)(z) promised
by will suffice to give a phase-estimation-based
quantum algorithm for evaluating ¢. The goal of this sec-
tion is to make more quantitative, which will
enable us to analyze the algorithm’s running time.

In particular, we will lower-bound the achievable squared
support on either ap or bo of a unit-normalized A = 0 eigen-
vector. (This will enable the algorithm to detect if p(z) =1
by starting a quantum walk at ao; if p(z) = 1, then |ao)
will have large overlap with the A = 0 eigenvector.)

We also study eigenvalue-A eigenvectors of G p(,)(x), for
|A| # 0 sufficiently small. At small enough eigenvalues, the
dual-rail encoding property of still holds, in
a different fashion. Note that since the graph is bipartite,
we may take A > 0 without loss of generality. For small
enough A > 0, it will turn out that the function evaluation
corresponds to the output ratio ro = ao/bo. If fr(z) =1,
then ro is large and negative, roughly of order —1/A. If
fp(z) = 0, then ro is small and positive, roughly of order
A. (Ultimately, the point of this analysis is to show that if
the formula evaluates to false, then there do not exist any
eigenvalue-\ eigenvectors supported on ao for small enough
|A| # 0. This spectral gap will prevent the algorithm from
outputting false positives.)

Consider a span program P. Let us generalize the setting
of to allow P’s inputs to be themselves span

programs, as in [Definition 2.9} Assume that for some z, ev-
ery A € [0,A) and each input ¢ € I, we have constructed

unit-normalized states |¢;(\)) satisfying the eigenvalue-A
constraints for all the ith subgraph’s vertices except a;.

Definition 3.1 (Subformula complexity) At A =0, for
each input i € Ij, let v; lower-bound |1;)’s squared support
on either a; or b;, depending on whether the input evaluates
to true or false, respectively.

For X\ > 0, assume that the coefficients of |1;) along the
ith input edge are nonzero, and let r; = a;/b; be their ratio.
If the literal associated to input i evaluates to false, then let
si =13/ X; if it is true, then let s; = —1/(r:\). Assume that
si > 0 and let S; > s; for each i.

For an input i € I, its subformula complexity is

i = 1/, P 1
o mxaxmax{ /7 Argr}gf\)S} (3.1)

For example, if o; is small, then |¢;(0)) has large support on

either a; or b;. In general, o; > 1. If input 4 corresponds to
a literal and not the output edge of another span program,
then o; = 1.

We construct a normalized state [)o(A\)) that satisfies
all the eigenvalue-\ eigenvector constraints of the composed
graph, except at ap. We construct |1o) by putting together
the scaled |1;)’s and also assigning coefficients to the vertices

in Gp. Similarly to Eq.|(3.1)| define

oo(z) = max {1/70, Arerzg’)f\) so} , (3.2)
where o is the squared support of [¢)o(0)) on ao or bo,
and so is ro /X or —1/(roA) for A > 0. We will relate oo =
max, 0o () to the input complexities o; (Theorem 3.6).

First of all, notice that if |I;| > 1, then several of the input
subgraphs share the vertex a;. They must be scaled so that
their coefficients at a; all match, motivating the following
definition. (Recall that grouped input j evaluates to true iff
all inputs in I; are true.)

Definition 3.2 The grouped input complexity of j € J is
max { Dier, i 1} if j is true
1

2 (3.3)
(Zfalse i€l U;l) otherwise

Gi(z) =

When j is false, some input ¢ € I; is false, so the coefficient
at a; must be set to zero at A = 0. However, for each false ¢ €
I;, |1;) can be scaled arbitrarily. The definition in Eq.
comes from choosing scale factors f; in order to maximize
the sum of the scaled coefficients on the vertices b;, under
the constraint that the total norm be one, >, |fil* = 1.

A few more definitions are needed to state

Definition 3.3 (Matrix notations) For a given input x,
letIT=5", .. p |7)4| a projection onto the true grouped in-
puts, 1 =1—1I, and S = 22 VG (@)Xl i-e., a diagonal

matriz of the grouped input complexity square roots. Let
A= (AOJ) = >, [viXij| with columns the vectors |v;).

Acy

Definition 3.4 (Moore-Penrose pseudoinverse) For a
matric M, let MT denote its Moore-Penrose pseudoin-
verse. If the singular-value decomposition of M is M =
S mu|kXE'| with all mi # 0 and for sets of orthonormal
vectors {|k)} and {|k')}, then M =3, m; ' |K'Xk|. Note
that MM™ =37, |k)k| is the projection onto M ’s range.

Definition 3.5 (Span program witness size) For span
program P and input subformula complezities o, the wit-
ness size of P on input x, wsize(P, z), is defined as follows:

e If fp(xz) =1, then |t) € Range(AIl), so there is a witness
|w) of length |J| satisfying ATIS™'|w) = [t). Then the
witness size is the minimum squared length of any such
witness:

wsize(P, x) = oy

= |I(ATLS ™) )|

> llw)* - (3.4)

e If fp(x) = 0, then |t) ¢ Range(AIl). Therefore there is
a witness |w') of length |C| + 1 satisfying (tjw') =1 and



MMAT|w') = 0. Then

wsize(P,z) = min  ||SAT|w')|? (3.5)

Jw’y: (t|w'y=1
At |w’)=0

=[1(1 + (I(AS)"AS — 1) TI) (AS) [6)[ 7%

the inverse squared length of the projection of (AS)*|t)
onto the intersection of 11 and Range(SAT).

The witness size of P is wsize(P) = max, wsize(P,z). By
|wz), resp. |wy), we denote an optimal witness for input x

achieving the minimum in Eq.|(3.4)} resp. |(3.5)

The span program witness size is easily computed on any
given input . Now our main result is:

Theorem 3.6 Consider a constant span program P. As-
sume that Ao; < € for a small enough constant ¢ > 0
to be determined and for all i € I. Assume also that

(max;er 0y)/(minjero;) = O(1). Let a S b mean a <
constant + b(1 + constant’|\| max; ;). Then
oo(z) < wsize(P,x) . (3.6)

For A =0, Eq. says that the achievable squared mag-
nitude on ap or bo of a normalized eigenvalue-zero eigen-
vector is at least 1/wsize(P, z), up to small controlled terms.
For A > 0, Eq. says that the ratio 7o = ao/bo is ei-
ther in (0, wsize(P, z)\] or (—oo, —1/(wsize(P,z)\)], up to
small controlled terms, depending on whether fp(z) is false
or true. Note that wsize(P,z) is monotone in S and thus
also in all S;, and therefore we get a valid bound on oo (z)
even without knowing the actual values of s; < 5;.

PROOF SKETCH OF [THEQREM 3.6l At A = 0, the proof
of is the same as that of except
scaling the inputs so as to maximize the squared magnitude
on ao or bo. This maximization problem is essentially the
same as the problems stated in (up to additive
constants). The explicit expressions for the solutions follow
by geometry.

For A > 0, we solve the eigenvalue equations —c) by
inverting a matrix and applying the Woodbury formula. We
argue that all inverses exist in the given range of A. We
obtain

ro = ao/bo = A + (o|R|o) + A\o|RAL ;X " AcsRlo) ,

where |o) = ALJ, R = —+S7’I + AS?Il and X =
ACJSiQHATCvJ — >\2ACJS2ﬁATCvJ — 2. The largest term in
X, AcsSTMAY,,, is only invertible restricted to its range,
A= ACJH(ACJH)+. Therefore, we compute the Taylor se-
ries against A of the pseudoinverse of AXA and of its Schur
complement, (X/(AXA)), separately, and then recombine
them. The lowest-order term in the solution again corre-

sponds to |[Definition 3.5| (if fp(x) is false, the 1/X term is

zero), and we bound the higher-order terms. []

Remark 3.7 In case fp(z) =0, AT|w’) appears also in the
“canonical form” of P @/

The above analysis of span programs does not apply to
the NOT gate, because the ability to complement inputs was
assumed in Implementing the NOT gate x —
T with a span program on the literal T would be circular.
Therefore we give a separate analysis.

Lemma 3.8 (NOT gate) Consider a NOT gate, imple-
mented as two weight-one edges connected as in [Defini

ltion 2.7 Assume |\ < 1/(v/204). Then oo < 0.

Proor. Analysis at\ = 0. If the input is true, then ~;
measures the squared support on a; of a normalized A =
0 eigenvector. Then vo = 7i, since a; = bo the output
vertex. If the input is false, so b; = Vi then b; + ao = 0.
Therefore, we simply need to renormalize: yo = v;/(1+v:),
or equivalently % = % + 1.

Analysis for smalh > 0. We are given r; = a;/b;. The
eigenvector equation is b; + ao = Aa; = Abo. Therefore,
ro = ao/bo = A — 1/r;. If the input is false, so s; = 7/,
then so = —1/(Aro) = s;/(1 — A®s;). Therefore, s; < so <
si(1 + 2/\231-) since A%s; < 1/2. If the input is true, so
s; = —=1/(Ar;), then so =ro/A=s;+1.

Therefore oo < o; as claimed. Note that w.l.o.g. we may
assume there are never two NOT gates in a row in the for-
mula ¢, so the additive constants lost do not accumulate. []

4. FORMULA EVALUATION ALGORITHM
In we specify the gate set S

and define the correct notion of “balance” for a formula that
includes different kinds of gates . These two
definitions allow us to formulate the general statement of our
results, of which is a corollary.

In [Section 4.2] we present span programs for each of the
gates in S having optimal witness size. In we
plug together the spectral analyses of the individual span
programs to obtain a spectral analysis of G(y). Finally, in
we sketch how this implies a quantum algorithm,
therefore proving

4.1 General formula evaluation result

Definition 4.1 (Extended gate set S) Let

S — arbitrary 1-, 2-, or 3-bit gates,
- O(1)-fan-in EQUAL gates

O(1)-size {AND, OR, NOT, PARITY} (4.1)
S = read-once formulas composed onto
the gates from S’

Example 4.2 The gate set S includes simple gates like
AND, as well as substantially more complicated gates like
MAJs(z1, 2, 23) AN(Xa®DT5D- - - Dxp—1D (T VTR41)), provided
k= O(1). It does not include gates from S’ composed onto
gates from S: for example MAJs(z1,x2 @ x3, 24 AN x5) ¢ S.

To define “adversary-balanced” formulas, we need to define
the nonnegative-weight quantum adversary bound.

Definition 4.3 (Nonnegative adversary bound)
Let f:{0,1}¥ — {0,1}. Define

|
>0 max; ||T o D;|| ’
rZo

Adv(f) = (4.2)

where I'o D; denotes the entrywise matriz product between I'
and D; a zero-one-valued matriz defined by (z|D;|y) = 1 if
and only if bitstrings x and y differ in the ith coordinate, for
i€ {l,...,k}. The mazimum is over all 2% x 2% symmetric
matrices I' with nonnegative entries satisfying (z|T'|y) = 0 if

f(x) = f(y).



The motivation for this definition is that Adv(f) gives a
lower bound on the number of queries to the phase-flip input
oracle Oy required to evaluate f on input x.

Theorem 4.4 (Adversary lower bound [2, [7])
The two-sided e-bounded error quantum query complezity of

function f, Qc(f), is at least 172yvelize) v2€<176)Adv(f).

To match the lower bound of [Theorem 4.4] our goal will be
to use O(Adv(p)) queries to evaluate ¢.

Definition 4.5 (Adversary-balanced formula)

For a gate g in formula ¢, let ¢4 denote the subformula of

o rooted at g. Define ¢ to be adversary-balanced if for every

gate g, the adversary lower bounds for its input subformulas

are the same; if g has children ha, ..., hg, then Adv(pp,) =
= Adv(pn,,)-

To motivate[Definition 4.5] we need a version of an adversary
composition result 2} [17]:

Theorem 4.6 (Adversary composition [17])

Let f = go(h1,...,hs), where Adv(h1) = --- = Adv(hk)
and o denotes function composition. Then Adv(f) =
Adv(g)Adv(h).

If o is adversary-balanced, then by Adv(pg)
is the product of the gate adversary bounds along any non-
self-intersecting path x from g up to an input, Adv(py) =
[I1c, Adv(h). Note that Adv(=f) = Adv(f), so NOT gates
can be inserted anywhere in an adversary-balanced formula.

The main result of this paper is

Theorem 4.7 (Main result) There exists a quantum al-
gorithm that evaluates an adversary-balanced formula p(x)
over S using O(Adv(p)) queries to the phase-flip input or-
acle Oy. After efficient classical preprocessing independent
of the input z, and assuming O(1)-time coherent access to
the preprocessed classical string, the running time of the al-
gorithm is Adv(e)(log Adv(p))°W.

From |Figure 5| the adversary bound Adv(MAJ3) = 2. By
the adversary bound for the balanced MAJs
formula of depth d is 2¢. [Theorem 1.1|is therefore essen-
tially a corollary of [Theorem 4.7| (for the balanced MAJs3
formula, coherent access to a preprocessed classical string is
not needed).

4.2 Optimal span programs for gates ins

In this section, we will plug specific span programs into

Definition 3.5} in order to prove:

Theorem 4.8 Let S be the gate set of [Definition 4.1, For
every gate f € S, there exists a span program P computing

fp = f, such that the witness size of P (Definition 3.5|) on

equal input complezities o; = 1 is
Adv(f) . (4.3)
Adv(f) is the adversary bound for f .

PROOF SKETCH. We analyze five of the fourteen inequiv-
alent binary functions on at most three bits, listed in

0 and z; (both trivial), the MAJs gate (Claim 4.9),

wsize(P) =

the k-bit EQUALy, gate (Claim 4.10)), and a certain three-bit
function, g(z) = (z1 Az2 Axs) V (T1 A Tz) (Claim 4.11]).

For all the remaining gates in S, it suffices to analyze the
NOT gate (Lemma 3.8), and OR and PARITY gates on un-
balanced inputs (Lemma 4.12)). That is, we allow o1 and o2
to be different, with o1/02,02/01 = O(1). For functions b
and b’ on disjoint inputs, Adv(b @ b') = Adv(b) + Adv(V'),
and Adv(b Vv ') = \/Adv(b)? + Adv(V)? [6, [L7]; we ob-
tain matching upper bounds for span program witness
size. Then, e.g., the function EXACTjs of 3(x1,x2,23) =
MAJs(z1,z2,23) A (T1 V T2 V T3), so implies
a span program for EXACT; o¢ 3 with witness size /7 =
V/wsize(MAJ3)2 + wsize(OR3)2. [

Claim 4.9 wsize(Pyajy,) =2 = Adv(MAJg) where Pyaj,
is the span program from [Ezample 2.9

PROOF. Substitute Pyayss into [Definition 3.5 Some of
the witness vectors are [wjgo) = (1,0), [wig) = (1, —1/v/3),
and |wi10) = (7€, €™/ 0), lwi) = (1,1,1)/v/3. O

Claim 4.10 Letting a = vk — 1, the span program

Xi =z, w2, o} {71, 72, .. T}

t=(1), wvs=( e a )
computes EQUAL, with witness size \/% = Adv(EQUAL,).

PROOF. Substitute into [Definition 3.5l The witnesses are
! = (1), |wer) = (0, %) and |wyk) = (%,O). O

|wunequal>

Claim 4.11 Let g(z) = (x1 Az2 Ax3) V (Tt ATz). Letting

= 1+ % and az = V/V/3 — 1, the span program

X5 = ({z1,z2} {71,732} {z3})

_(1 _ a1 aras 0
=(o) w=( o 1)

computes g with witness size /3 + /3 = Adv(g).
PROOF. By substitution into d

Lemma 4.12 Consider f(z,2’) = f'(b(z),b'(z")), with
f' € {PARITY,ORY}, and b and b functions on O(1) bits.
Assume that there exist span programs P, and P, for b
and V' with respective witness sizes B = wsize(P) and
B’ = wsize(Py). Then there exists a span program P for
f with witness size wsize(P) = B + B’ if f' = PARITY, or
VB? + B2 if f' = OR.

PROOF. Substitute the following span programs with zero

constraints into [Definition 3.5
Xy = ({z, 72} {71,22})
Pparity : t= (1), wvy=( 1 1 )
X;=( {=} {z2} )

Por :t = (1), UJ:( /B VB )

%/BQ_'_B/Q %/32_,'_3/2

The witness vectors for PARITY are |wgpy) = (1) and
|lwio) = (VB?+ B'2,0), and the witness vectors for OR
are |woo) = (1), |wio) = (VB*+ B7?,0), and |wi1) =
(1LY 3VB>+ B2 O



1 N2 A\ T3
1V (:Ez A .’L‘3)
(T1,%2)1425 = (T3 AT2) V (T3 A 71)

S

Gate f Adv(f) Gate f Adv(f)
0 0 MAJ3($1,$2,[L’3) = (1131 /\xz)V((CL‘l \/wz)/\x(;) 2
x1 EQUAL,(z1, w2, 23) = (1 Ax2 Az3) V (TT A T2 A T3) 3/V2
x1 A T2 (x1 A2 Axs) V (T1 A Tz) V3+4/3
1 D x2 1V (z2 @ x3) V5

EXACT; of 3(x1,x2,x3) = MAJg(x1,$2,$3) AN (xTVaTQVxT;) \/7

1+v2

x1 D (2122 A :L'3)

T1 D T2 D T3 3

Figure 5: Binary gates on up to three bits. Up to equivalences—permutation of inputs, complementation of
some or all inputs or output—there are fourteen binary gates on three inputs zi,z2,r3. Adversary bounds
Adv(f) for all functions f on up to four bits have been computed by , and see .

Remark 4.13 Our procedure for analyzing a function f has
been as follows:

1. First determine a span program P computing fp =
f- The simplest span program is derived from the
minimum-size {AND, OR, NOT} formula for f.

2. Next, compute wsize(P,x) for each input x, as a func-
tion of the variable weights of P.

8. Finally, optimize the free weights of P to minimize
wsize(P) = max, wsize(P,z). For example, note that
scaling Aoy up helps the true cases in[Definition 3.
and hurts the false cases; therefore choose a scale to
balance the worst true case against the worst false case.

We respect the symmetries of f during optimization.
On the other hand, if two literals are not treated sym-
metrically by f, then we do not group them together in
any grouped input X;. For example, in we

do not group x3 together with x1 and x2 in Xi.

4.3 Span program spectral analysis of

Theorem 4.14 Consider an adversary-balanced formula ¢
on the gate set S, with adversary bound Adv(yp). Let P be
the composed span program computing fp = . For an input
x € {0,1}, recall the definition of the weighted graph G p(z)
from [Theorem 2.5 if the literal on an input edge evaluates
to true, then delete that edge from Gp. Let Gp(x) be the
same as Gp(x) except with the weight on the output edge

(a0,bo) set to w = ew/\/Adv(p) (instead of weight one),

where €, > 0 is a sufficiently small constant. Then,

o If p(x) = 1, there exists a normalized eigenvalue-zero
eigenvector of the adjacency matriz Ag () with (1)
support on the output vertexr ao.

e If o(z) =0, then for some small enough constant € >
0, A@P<z) does not have any eigenvalue-A eigenvectors

supported on ao or bo for |\ < e/Adv(p).

PROOF. The proof of [Theorem 4.14] has two parts. First,
we will prove by induction that oy = O(Adv(pg)). Then,
by considering the last eigenvector constraint, Aao = wbo,
we either construct the desired eigenvector or derive a con-
tradiction, depending on whether ¢(z) is true or false.

Base case.Consider an input z; to the formula . If
z; = 1, then the corresponding input edge (a;,b;) is not
in Gp(x). In particular, the input ¢ does not contribute to

the expression for 6;(z) in Eq. so S; and v; may be
left undefined. If z; = 0, then the input edge (aj,b;) is in
Gp(z). The eigenvalue-\ equation at b; is Ab; = a;. For
A = 0, this is just a; = 0, so let 7, = 1. For A > 0, this is
T :/\si :aj/bi =)\, SO S; =S¢ =1.

Induction. Assume that |A\| < ¢/Adv(p), for some small
enough constant € > 0.

Consider a gate g. Let h1,..., i be the inputs to g. Let
g denote the subformula of ¢ based at g. By
and the output bound o, satisfies

Og 5 Adv(g) maxoOh; , (44)
or equivalently

04 < 1+ Adv(g)(max o, )(1+ ez - NAdv(p,))  (45)

for certain constants ci,ce. Different kinds of gates give
different constants in Eq. but since the gate set is
finite, all constants are uniformly O(1).

Since |A| < e/Adv(y), the recurrence Eq. has solu-
tion

hex

where the maximum is taken over the choice of x a non-
self-intersecting path from ¢ up to an input. Because

¢ is by assumption adversary balanced (Definition 4.5)),
[I1e, Adv(h) = Adv(p,) (Theorem 4.6). Also, [], o (1 +

'ngzpf))) = O(1). Therefore, the solution satisfies

0y = O(Adv(py)) - (4.6)

Final amplification step. Assume ¢(z) = 1. Then by
Eq. |(4.6)] there exists a normalized eigenvalue-zero eigen-
vector of the graph Gp(z) with squared amplitude |ao|* >

vo = 1/O(Adv(p)). Recall that w = €, /+/Adv(yp) is the
weight of the output edge (ao,bo) of P in Gp(z), and let
ao = wao. The A\ = 0 eigenvector equations for Gp (z) are
the same as those for Gp(z), except with ao in place of ao.
Therefore, we may take |ao|> = 1/O(Adv(y)), so for a nor-
malized eigenvalue-zero eigenvector of G'p(z), |ao|? = Q(1).
By reducing the weight of the output edge from 1 to w, we
have amplified the support on ao up to a constant.

Now assume that ¢(z) = 0. By [Theorem 2.5| there does
not exist any eigenvalue-zero eigenvector supported on ao.
Also bo = 0 at A = 0 by the constraint Aap = wbo. For A #



0, |A| < e/Adv(p), Eq.|(4.6)|implies that in any eigenvalue-
A eigenvector for Gp(z), either Go = bo = 0 or the ratio
lao/bo| < |Al- O(Adv(ep)), so

lao /bo| < constant - %Adv(g@) (4.7)

for some constant that does not depend on w. We have
not yet used the eigenvector equation at aop, Aao = wbo.
Combining this equation with Eq. we get w? <
constant - A*Adv(p) < constant - €2/Adv(p). Substituting
w = €yw/+/Adv(p), this is a contradiction provided we set
€w SO €2, > constant - €2. Therefore, the adjacency matrix of
Gp(x) cannot have an eigenvalue-\ eigenvector supported
on ap or bp. [

4.4 Quantum algorithm

We apply and the Szegedy correspondence
between discrete- and continuous-time quantum walks [28]

to design the optimal quantum algorithm needed to prove
The approach is similar to that used for the
NAND formula evaluation algorithm of [9], with only tech-
nical differences. For details, see Ref. [23].

The main idea is to construct a discrete-time quantum
walk U, = OiUy~ on the directed edges of Gp whose
spectrum and eigenvectors correspond exactly to those of
Aég, (z)- Here Uy is a fixed unitary operator only depending
on the formula graph Ac’;p(oN)a which can be implemented
efficiently without access to the input x, and O, is the input
oracle mapping

Oulv, w) = (=1)"@ |v,w) if v is a leaf
U w) otherwise

where i(v) is the index of the input variable corresponding
to the leaf v.

Now starting at the output edge |ao,bo), run phase es-
timation [10] on U, with precision d, = 1/O(Adv(y)) and
error d. a small enough constant. Output “p(z) = 17 iff the
output phase is zero. The query complexity of this algorithm
is O(1/6,) = O(Adv(y)). The first part of [Theorem 4.14]
implies completeness, because the initial state has constant
overlap with an eigenstate of U, with phase zero. The sec-
ond part of implies soundness, because the
spectral gap away from zero is greater than the precision 6,.

5. EXTENSIONS
[I'heorem 4.7l can be extended in several directions.

5.1 Unbalanced formulas

Can the restriction that the gates have adversary-balanced
inputs be significantly weakened? So far, we have only ana-
lyzed the PARITY and OR gates for unbalanced inputs, in
For the MAJs gate, we have found an optimal
span program for the case in which only two of the inputs
are balanced:

Lemma 5.1 Let f(z,z’',2") = MAJs5(b(z),b (z'),b" (z"))
with b,b’,b" functions on O(1) bits computed by span pro-
grams Py, Py, Py with witness sizes B = wsize(P,) =
Adv(b) = wsize(Py) = Adv(b) and B" = wsize(Pys) =
Adv(b"). Let 8 = B"”/B. Then there exists a span program

(V8 + B2+ B)B = Adv(f):

P for f with wsize(P) =
{1} {2} {503} )

1
2
= (
t= V3 + a2
2c 7
where a = m(\/S + 82— 5)1/2.

Therefore, for example, the gates MAJ3(z1, 22, 23 A x4) and
MAJs(x1,x2,x3®x4) can be added into S without affecting
the correctness of However, we do not have
an understanding of MAJs when all three input complexities
differ, and for most other gates we know similarly little.

5.2 Four-bit gates

The gate set S includes all three-bit binary gates. What
about four-bit gates? Up to symmetries, there are 208 in-
equivalent binary functions that depend on exactly four in-
put bits x1,...,z4. The functions we have considered so far
are listed at the webpage [22]. To summarize,

e Thirty functions can be written as a PARITY or OR
of two subformulas on disjoint inputs. These functions

are already included in S (Definition 4.1)).

e For 24 additional functions, we have found a span pro-
gram with witness size matching the adversary lower
bound. These functions can be added to S.

Example 5.2 (Threshold 2 of 4) In analogy to
Iple 2.9, one might consider the span program

Xg = ({1} {z2} {z3} {z4})

o (VY (1 o1
“\o) T 1 i -1 —i

This span program computes Thresholds o5 4(x[4) —MAJ3 is
Thresholds of s—but it is not optimal. Intuitively, the prob-
lem is that the different pairs of inputs are not symmetrical.
An optimal span program, with witness size V6, is

Xy = ({z Ho Hae Hae Has Has HaaHza))

1 11 1 1 1 1 1 1
t=(0], vs= 1 1 1 -1 ¢ —i 1 3
0 t —¢ ¢ ¢ 1 1 1 -1

It was derived by embedding a four-simplex symmetmcally n

the 2 X 2 unitaries, in correct analogy to

It seems that inevitably k-bit gates are going to require
more involved techniques to evaluate optimally, for k large
enough. It may well be that four-bit gates are already in-
teresting in this sense.

5.3 Witness vectors and the adversary bound

The witnesses in have an interesting prop-
erty related to a dual version of the adversary bound |20} [27]:
Assume that all | X;| =1 and S = 1. For z,y € {0,1}" with
fe(z) =1, fr(y) = 0, consider the Witnesses |wa), |wy)

achieving the minima in Egs. [(3.4)] [3.5)] and let |w,) =
Afjw)). Then [w,) = 1(z) w,) and T(g)lw,) = w,), so

(w |T(2)TI(y)|wy) =

(wzlAle;> = (thoy) =1 .
Therefore, if we define p, (i) = ] —aay | Gwa)?

lex Twa) 2 27 (o}
Xj={zq
for each z (for both true and false fp(z )) and for ¢ € [n],



then we get a feasible set of probability distributions for
the minimax formulation of the adversary bound [27]. If
wsize(P) = Adv(fp), then this set of probability distribu-
tions is optimal.

In this paper, we only use the nonnegative version of the
adversary bound. Hgyer, Lee and Spalek introduced a gener-
alized adversary bound Adv®, with negative entries allowed
in the adversary matrix, and showed that it is also a lower
bound on the quantum query complexity [17]. For most
functions f on 4 bits, Adv=(f) > Adv(f) [16]. Since Adv®
composes similarly to one gets an asymptot-
ically higher lower bound for formulas with such functions
as gates than using Adv. We have not been able to find
a matching span program for any such function. The dual
formulation of Adv® cannot be expressed using probabil-
ity distributions and one therefore cannot hope for a simple
correspondence with the witnesses like described above.

Both variants of the adversary bound, Adv and Adv®,
can be expressed as optimal solutions of certain semidefinite
programs. Can one find a semidefinite formulation of span
program witness size?
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