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ABSTRACT

We give a new version of the adversary method for prov-
ing lower bounds on quantum query algorithms. The new
method is based on analyzing the eigenspace structure of
the problem at hand. We use it to prove a new and opti-
mal strong direct product theorem for 2-sided error quantum
algorithms computing k independent instances of a symmet-
ric Boolean function: if the algorithm uses significantly less
than k£ times the number of queries needed for one instance
of the function, then its success probability is exponentially
small in k. We also use the polynomial method to prove
a direct product theorem for 1-sided error algorithms for
k threshold functions with a stronger bound on the suc-
cess probability. Finally, we present a quantum algorithm
for evaluating solutions to systems of linear inequalities, and
use our direct product theorems to show that the time-space
tradeoff of this algorithm is close to optimal.

Categories and Subject Descriptors

F.1.2 [Computation by Abstract Devices]: Modes of
Computation; F.1.3 [Computation by Abstract Devices]:
Complexity Measures and Classes—Relations among com-

plexity measures; F.2.3 [Analysis of Algorithms and Prob-

lem Complexity]: Tradeoffs between Complexity Mea-
sures
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1. INTRODUCTION

1.1 A new adversary method

Most of the known quantum algorithms work in the black-
box model of computation. Here one accesses the n-bit input
via queries and our measure of complexity is the number
of queries made by the algorithm. In between the queries,
the algorithm can make unitary transformations for free.
This model includes for instance the algorithms of Grover,
Deutsch and Jozsa, Simon, quantum counting, the recent
quantum walk-based algorithms, and even Shor’s period-
finding algorithm (which is the quantum core of his factoring
algorithm).

Much work has focused on proving lower bounds in this
model. The two main methods known are the polynomial
method and the adversary method. The polynomial method
|24} 18] works by lower-bounding the degree of a polynomial
that in some way represents the desired success probability.

The adversary method was originally introduced by Am-
bainis [3]. Many different versions have since been given |19}
7, |4 121, |30], but they are all equivalent [29]. Roughly
speaking, the adversary method works as follows. Suppose
we have a T-query quantum algorithm that computes some
function f with high success probability. Let [¢%) denote
the algorithm’s state on input x after making the ¢-th query.
Suppose = and y are two inputs with distinct function val-
ues. At the start of the algorithm (¢ = 0), the states |¢2)
and [tg) are the same (the input has not been queried yet),
so their inner product is (1)2]y) = 1. But at the end of the
algorithm (¢t = T'), the inner product (1 [ ) must be less
than some small constant depending on the error probabil-
ity, otherwise the algorithm cannot give the correct answer
for both = and y. The adversary method takes a (weighted)
sum of such inner products (for z,y pairs with f(x) # f(y))
and analyzes how quickly this sum can go down after each
new query. If it cannot decrease quickly in one step, then
it follows that we need many steps and we obtain a lower
bound on T

The two lower bound methods are incomparable. On the
one hand, the adversary method proves stronger bounds
than the polynomial method for certain iterated functions 4],
and also gives tight lower bounds for constant-depth AND-
OR trees |3| [18], where we do not know how to analyze
the polynomial degree. On the other hand, the polyno-



mial method works well for analyzing zero-error or low-error
quantum algorithms [8,[12] and gives optimal lower bounds
for the collision problem and element distinctness |1]. The
adversary method fails for the latter problem (and also for
other problems like triangle-finding), because the best bound
provable with it is O(,/C°(f)C1(f)) [29, |30]. Here C°(f)
and C'(f) are the certificate complexities of f on O-inputs
and l-inputs. In the case of element distinctness and triangle-
finding, one of these complexities is constant. Hence the
adversary method in its present form(s) can prove at most
an Q(v/N) bound, while the true bound is ©(N?/3) [5] in
the case of element distinctness and the best known algo-
rithm for triangle-finding costs O(N'3/2%) [22]. A second
limitation of the adversary method is that it cannot deal
well with the case where there are many different possible
outputs, and a success probability much smaller than 1/2
would still be considered good.

In this paper we describe a new version of the adversary
method that does not suffer from the second limitation, and
possibly also not from the first—though we have not found
an example yet where the new method breaks through the
VCO(f)CL(f) barrier.

Very roughly speaking, the new method works as follows.
We view the algorithm as acting on a 2-register state space
Ha ®Hr. Here the actual algorithm’s operations take place
in the first register, while the second contains (a superpo-
sition of) the inputs. In particular, the query operation on
‘Ha is now conditioned on the basis states in H;. We start
the analysis with a superposition of 0-inputs and 1-inputs in
the input register, and then track how this register evolves
as the computation moves along. Let p; be the state of this
register (tracing out the Ha-register) after making the ¢-th
query. By employing symmetries in the problem’s structure,
such as invariances of the function under certain permuta-
tions of its input, we can decompose the input space into
orthogonal subspaces So,...,Sn». We can decompose the
state accordingly:

m
Pt = E bt,i0q,
=0

where o; is a density matrix in subspace S;. Thus the ¢-
th state can be fully described by a probability distribution
Pt,0, - - -, Pt,m that describes how the input register is dis-
tributed over the various subspaces. Crucially, only some
of the subspaces are “good”, meaning that the algorithm
will only work if most of the weight is concentrated in the
good subspaces at the end of the computation. At the start
of the computation, hardly any weight will be in the good
subspaces. If we can show that in each query, not too much
weight can move from the bad subspaces to the good sub-
spaces, then we again get a lower bound on 7.

This idea was first introduced by Ambainis in [6] and used
there to reprove the “strong direct product theorem” for
the OR-function of [20] (we’ll explain this in a minute). In
this paper we extend it and use it to prove direct product
theorems for all symmetric functions.

1.2 Direct product theorems for symmetric
functions

Consider an algorithm that simultaneously needs to com-
pute k independent instances of a function f (denoted f(k)).
Direct product theorems deal with the optimal tradeoff be-
tween the resources and success probability of such algo-

rithms. Suppose we need ¢ “resources” to compute a single
instance f(z) with bounded error probability. These re-
sources could for example be time, space, ink, queries, com-
munication, etc. A typical direct product theorem (DPT)
has the following form:

Every algorithm with T' < akt resources for com-
puting f®* has success probability o < 27%®*)
(where o > 0 is some small constant).

This expresses our intuition that essentially the best way to
compute f<k) on k independent instances is to run separate
t-resource algorithms for each of the instances. Since each
of those will have success probability less than 1, we expect
that the probability of simultaneously getting all k instances
right goes down exponentially with k. DPT’s can be stated
for classical algorithms or quantum algorithms, and o could
measure worst-case success probability or average-case suc-
cess probability under some input distribution. DPT’s are
generally hard to prove, and Shaltiel [28] even gives gen-
eral examples where they are just not true (with o average
success probability), the above intuition notwithstanding.
Klauck, Spalek, and de Wolf [20] recently examined the case
where the resource is query complexity and f = OR, and
proved an optimal DPT both for classical algorithms and
for quantum algorithms (with o worst-case success proba-
bility). This strengthened a slightly earlier result of Aaron-
son [2], who proved that the success probability goes down
exponentially with k if the number of queries is bounded by
avkn rather than the ak+/n of [20).

Here we generalize their results to the case where f can
be any symmetric function, i.e., a function depending only
on the Hamming weight |z| of its input. In the case of
classical algorithms the situation is quite simple. Every n-
bit symmetric function f has classical bounded-error query
complexity Ra(f) = O(n) and block sensitivity bs(f) =
O(n), hence an optimal classical DPT follows immediately
from |20, Theorem 3]. Classically, all symmetric functions
essentially “cost the same” in terms of query complexity.
This is different in the quantum world. For instance, the
OR function has bounded-error quantum query complexity
Q2(0OR) = ©(y/n) |17} [11], while Parity needs n/2 quantum
queries (8} [15]. If f is a t-threshold function (f(x) = 1 iff
|z| > t, with t < n/2), then Q2(f) = ©(Vtn) [8].

Our main result is an essentially optimal quantum DPT
for all symmetric functions:

There is a constant « > 0 such that for every
symmetric f and every positive integer k: Ev-
ery 2-sided error quantum algorithm with 7" <
akQ2(f) queries for computing F%*) has success
probability o < 2~ k)

Our new direct product theorem generalizes the polynomial-
based results of [20] (which strengthened the polynomial-
based [2]), but our current proof uses the above-mentioned
version of the adversary method.

We have not been able to prove this result using the
polynomial method. We can, however, use the polynomial
method to prove an incomparable DPT. This result is worse
than our main result in applying only to 1-sided error quan-
tum algorithmsﬂ for threshold functions; but it’s better in

IThe error is 1-sided if 1-bits in the k-bit output vector are
always correct.



giving a much stronger upper bound on the success proba-
bility:

There is a constant a > 0 such that for every t¢-
threshold function f and every positive integer k:
Every 1-sided error quantum algorithm with 7" <
akQa(f) queries for computing f*) has success
probability o < 2=k

A similar theorem can be proven for the k-fold t-search prob-
lem, where in each of k inputs of n bits, we want to find at
least t ones. The different error bounds 2~ and 2~ k)
for 1-sided and 2-sided error algorithms intuitively say that
imposing the 1-sided error constraint makes deciding each of
the k£ threshold problems as hard as actually finding t ones
in each of the k inputs.

1.3 Time-Space tradeoffs for evaluating solu-
tions to systems of linear inequalities

As an application we obtain near-optimal time-space trade-
offs for evaluating solutions to systems of linear equalities.
Such tradeoffs between the two main computational resources
are well known classically for problems like sorting, element
distinctness, hashing, etc. In the quantum world, essentially
optimal time-space tradeoffs were recently obtained for sort-
ing and for Boolean matrix multiplication |20], but little else
is known.

Let A be a fixed N x N matrix of nonnegative integers.
Our inputs are column vectors z = (z1,...,zn) and b =
(b1,...,bn) of nonnegative integers. We are interested in
the system

Ax > b

of N linear inequalities, and want to find out which of these
inequalities hold (we could also mix >, =, and <, but omit
that for ease of notation)ﬂ Note that the output is an N-bit
vector. We want to analyze the tradeoff between the time
T and space S needed to solve this problem. Lower bounds
on T will be in terms of query complexity. For simplicity we
omit polylog factors in the following discussion.

In the classical world, the optimal tradeoff is T'S = N2,
independent of the values in b. This follows from [20 Sec-
tion 7]. The upper bounds are for deterministic algorithms
and the lower bounds are for 2-sided error algorithms. In
the quantum world the situation is more complex. Let us
put an upper bound max{b;} < ¢. We have two regimes for
2-sided error quantum algorithms:

e Quantum regime. If S < N/t then the optimal tradeoff
is T2S = tN? (better than classical).

e Classical regime. If S > N/t then the optimal tradeoff
is T'S = N? (same as classical).

Our lower bounds hold even for the constrained situation
where b is fixed to the all-t vector, A and x are Boolean,
and A is sparse in having only O(N/S) non-zero entries in
each row.

Since our DPT for 1-sided error algorithms is stronger by
an extra factor of ¢ in the exponent, we obtain a stronger
lower bound for 1-sided error algorithms:

e If t < S < N/t* then the optimal tradeoff for 1-sided
error algorithms is 728 > t?N3.

*Note that if A and = are Boolean and b = (t,...,t), this
gives N overlapping ¢-threshold functions.

e If S > N/t then the optimal tradeoff for 1-sided error
algorithms is T'S = N2.

We do not know whether the lower bound in the first case
is optimal (probably it is not), but note that it is stronger
than the optimal bounds that we have for 2-sided error al-
gorithms. This is the first separation of 2-sided and 1-sided
errojrzl algorithms in the context of quantum time-space trade-
offs

Remarks:

1. Klauck et al. [20] gave direct product theorems not only
for quantum query complexity, but also for 2-party quantum
communication complexity, and derived some communication-
space tradeoffs in analogy to the time-space tradeoffs. This
was made possible by a translation of communication pro-
tocols to polynomials due to Razborov 26|, and the fact
that the DPTs of |20] were polynomial-based. Some of the
results in this paper can similarly be ported to a communi-
cation setting, though only the ones that use the polynomial
method.

2. The time-space tradeoffs for 2-sided error algorithms
for Az > b similarly hold for a system of N equalities, Ax =
b. The upper bound clearly carries over, while the lower
holds for equalities as well, because our DPT holds even
under the promise that the input has weight ¢ or ¢ — 1.
In contrast, the stronger 1-sided error time-space tradeoff
does not automatically carry over to systems of equalities,
because we do not know how to prove the DPT with bound
272 ynder this promise.

2. PRELIMINARIES

We assume familiarity with quantum computing 23] and
sketch the model of quantum query complexity, referring
to |13] for more details, also on the close relation between
query complexity and degrees of multivariate polynomials.
Suppose we want to compute some function f. For input
z € {0,1}Y, a query gives us access to the input bits. It
corresponds to the unitary transformation

Oz : |i,b,2) — |1,b @ x5, 2).

Here i € [N] = {1,...,N} and b € {0,1}; the z-part cor-
responds to the workspace, which is not affected by the
query. We assume the input can be accessed only via such
queries. A T-query quantum algorithm has the form A =
UrO,Ur_1---0,U10,Uy, where the Uy are fixed unitary
transformations, independent of x. This A depends on x
via the T applications of O,. The algorithm starts in ini-
tial S-qubit state |0) and its output is the result of measur-
ing a dedicated part of the final state A|0). For a Boolean
function f, the output of A is obtained by observing the
leftmost qubit of the final superposition A|0), and its accep-
tance probability on input x is its probability of outputting
1. We mention some well known quantum algorithms that
we use as subroutines.

e Quantum search. Grover’s search algorithm 17} |[10]
can find an index of a 1-bit in an n-bit input in ex-
pected number of O(y/n/(|z| 4+ 1)) queries, where |z|
is the Hamming weight (number of ones) in the input.

3Strictly speaking, there’s a quadratic gap for OR, but space
logn suffices for the fastest 1-sided and 2-sided error algo-
rithms so there’s no real tradeoff in that case.



If |z| is known, the algorithm can be made to find
the index in exactly O(y/n/(|z| + 1)) queries, instead
of the expected number [11]. By repeated search, we
can find ¢ ones in an n-bit input with |z| > ¢, using

Zﬁmf”l O(y/n/(i+1)) = O(+/tn) queries.

e Quantum counting [11, Theorem 13]. There is a
quantum algorithm that uses M queries to n-bit x to
compute an estimate w of |x| such that with probabil-
ity at least 8/72

lzl(n—|z|) > n

fw — fa]| < 2w Y 4 P

For investigating time-space tradeoffs we use the circuit model.

A circuit accesses its input via an oracle like a query al-
gorithm. Time corresponds to the number of gates in the
circuit. We will, however, usually consider the number of
queries to the input, which is obviously a lower bound on
time. A circuit uses space S if it works with S bits/qubits
only. We require that the outputs are made at predefined
gates in the circuit, by writing their value to some extra
bits/qubits that may not be used later on.

3. DIRECT PRODUCT THEOREM FOR
SYMMETRIC FUNCTIONS (2-SIDED)

The main result of this paper is the following theorem.

THEOREM 1. There is a constant o > 0 such that for
every symmetric f and every positive integer k: Fvery 2-
sided error quantum algorithm with T < akQ2(f) queries
for computing f* has success probability o < 2= SUk)

Let us first say something about Q2(f) for a symmetric
function f : {0,1}" — {0,1}. Let ¢ denote the smallest
nonnegative integer such that f is constant on the interval
|z| € [t,n — t]. We call this value ¢ the “implicit threshold”
of f. For instance, functions like OR and AND have t = 1,
while Parity and Majority have ¢ = n/2. If f is the t¢-
threshold function, then the implicit threshold is just the
threshold. The implicit threshold is related to the parameter
I'(f) introduced by Paturi [25] via t =n/2 —T'(f)/2+1. It
characterizes the bounded-error quantum query complexity
of f: Q2(f) = ©(v/tn) [8]. Hence our resource bound in
the above theorem will be akv/tn for some small constant
a>0.

We actually prove a stronger statement, applying to any
Boolean function f (total or partial) for which f(z) = 0 if
|z] =t —1and f(z) = 1if |z| = t. In this section we give an
outline of the proof. Most of the proofs of technical claims
are deferred to

Let A be an algorithm that computes k instances of this
weight-(¢ — 1) versus weight-¢t problem. We recast A
into a different form, using a register that stores the in-
put 2!, ..., 2% Let Ha be the Hilbert space on which A

operates. Let H; be an ((,",) + (?))k-dimensional Hilbert

space whose basis states correspond to inputs (z',..., mk)
with Hamming weights [z'| € {t —1,t},...,|z"| € {t—1,t}.
We transform A into a sequence of transformations on a
Hilbert space H = Ha ® H;. A non-query transformation
U on Ha4 is replaced with U ® I on H. A query is replaced
by a transformation O that is equal to O 1 » ® I on the

subspace consisting of states of the form [s)a ® |z* ... z");.

,,,,,

The starting state of the algorithm on Hilbert space H is
[po) = |[tstart)a & |tho)1 where [thsart) is the starting state
of A as an algorithm acting on Ha and |¢o) = |wone>®k is a
tensor product of k copies of the state |¢one) in which half
of the weight is on |z) with |z| = ¢, the other half is on |x)
with |z| = ¢t — 1, and any two states |z) with the same |z|
have equal amplitudes:

one) = ——= 3 )t e 3 o).

2(7;) @)=t 2(t71) z:|x|=t—1

Let |pq) be the state of the algorithm A, as a sequence of
transformations on H, after the d-th query. Let pq be the
mixed state in Hr obtained from |¢4) by tracing out the Ha
register.

We define two decompositions of H; into a direct sum
of subspaces. We have H; = ('Hone)®k where Hone is the
input Hilbert space for one instance, with basis states |z),
x €{0,1}", |z € {t — 1,t}. Let

1
0
‘wil’”"ij> B e Z |Z1...2n)
(212;) e
@it tap=t—1,
and let |¢1111]> be a similar state with 1 +-- -+, = ¢ in-

stead of z1+4- - -4z, = t—1. Let T} 0 (resp. Tj,1) be the space
spanned by all states |7/1?1,4.4,ij> (resp. |¢1111J>) and let

Sjia =Tja ﬂTjJ;La. For a subspace S, we use IIs to denote
Hpa | [ ij)- For
j <t,let S; + be the subspace spanned by the states

i) | Phos)
7,0 71
190 0 9
and Sj — be the subspace spanned by

|/¢)7(Z)1,...,7l]‘> . |w’L11 ..... ’ij>
T

For j = t, we define S; - = S¢1 and there is no subspace
St,+. Thus Hone = @;;é(é},.;. @B S;,—)®S:—. Let us try to
give some intuition. In the spaces S; + and S; —, we may be
said to “know” the positions of j of the ones. In the S; _
subspaces we have distinguished the 0-inputs from 1-inputs
by the relative phase, while in the S;  subspace we have not
distinguished them. Accordingly, the algorithm is doing well
on this one instance if most of the state sits in the “good”
subspaces S;,—.

For the space Hy (representing k independent inputs for
our function) and 71,...,7x € {+, —}, we define

the projector onto S. Let |1;;11,J> =

Sj1,<~<,]'kml,-~mk = Sj1,r1 ®Sjary @4+ ® Sjkﬂ“k'

Let S, be the direct sum of all Sj,.... 5, ,r,...,r, such that
exactly m of the signs r1,..., 7, are equal to —. Then H; =
@, Sm—. This is the first decomposition.

The above intuition for one instance carries over to k
instances: the more minuses the better for the algorithm.
Conversely, if most of the input register sits in S,,— for low
m, then its success probability will be small. More precisely,

in we prove:

LEMMA 2. Let p be the reduced density matriz of Hy. If
the support of p is contained in So— BS1—- B+ DSm—, then



the probability that measuring Ha gives the correct answer
k
. t t 22':0 (m’)
is at most =R
Note that this probability is exponentially small in k for,
say, m = k/3. The following consequence of this lemma is

proven in

COROLLARY 3. Let p be the reduced density matrixz of Hr.
The probability that measuring Ha gives the correct answer
s at most

m k
m’/=0 (m’)
ok +4\/TrH(SU—Ele_EDWEBSm—)*p'

To define the second decomposition, we express Hone =
EBt/Q R; with R; = S; 4 for j < t/2 and

Riyp= P Sir 0P s -

32t/2 320

Intuitively, all subspaces except for R/, are “bad” for the
algorithm, since they equal the “bad” S; 4+ subspaces. Let
Re be the direct sum of all Rj, ® --- ® R;, satisfying ji1 +

-+ jr = £. Then H; = tk/Q Re. This is the second
decomposition.

Intuitively, the algorithm can only have good success prob-
ability if for most of the k£ instances, most of the input regis-
ter sits in R;/5. Aggregated over all k instances, this means
that the algorithm will only work well if most of the k-input
register sits in R, for ¢ large, meaning fairly close to kt/2.
Our goal below is to show that this cannot happen if the
number of queries is small.

Let R} = tk/2 R¢. Note that Sm— C Rj,,/, for ev-
ery m: Sm— is the direct sum of subspaces S = Sj, » ®

- ® Sj,,r, having m minuses among r1,...,ry; each such
minus-subspace sits in the corresponding R;/> and hence
S C R}, 2. This implies

(So-DS1—-®--- @S(m_l)—)l c R{‘,m/Q'

Accordingly, if we prove an upper bound on Tr HR/ 2P

where T is the total number of queries, this bound together
with [Corollary 3| implies an upper bound on the success
probability of A. To bound Tr Iz, JoPT> We consider the

following potential function

th/2
P(p) =Y ¢" Trllg,,p,

m=0
where ¢ =1+ % Then for every d

’I‘I‘HR; /2pd S P(pd)qftm/Q — P(pd)e*(1+0(1>>m/2. (1)
P(po) =1, because the initial state |io) is a tensor prod-
uct of the states |tone) on each copy of Hone and |tone)

belongs to So,+, hence 1) belongs to Ro. In|Appendix A.4

Wwe prove

LEMMA 4. There is a constant C such that

P(pjt1) < (14-7%(61”2 )+CT\/E(9—1)> P(p;).

Since ¢ = 1 + 1, means that P(p;j+1) < (1 +
G )p(p]) and P(p;) < (1+ S£)7 < /Y™ By equa-
tion |(1)l for the final state after T queries we have

pr < 62CT/\/%7(1+0(1))m/2.

Trilwy,
We take m = k/3. Then if T < m+/tn/8C, this expression
is exponentially small in k. Together with this
implies the theorem.

4. DIRECT PRODUCT THEOREM FOR
THRESHOLD FUNCTIONS (1-SIDED)

The previous section used the adversary method to prove
a direct product theorem for 2-sided error algorithms com-
puting k instances of some symmetric function. In this sec-
tion we use the polynomial method to obtain stronger direct
product theorems for 1-sided error algorithms for threshold
functions. An algorithm for f*) has 1-sided error if the 1’s
in its k-bit output vector are always correct.

Our use of polynomials is a relatively small extension of
the argument in [20]. We use three results about polynomi-
als, also used in [12} [20]. The first is by Coppersmith and
Rivlin [14] p. 980] and gives a general bound for polynomials
bounded by 1 at integer points:

THEOREM 5 (COPPERSMITH & RIVLIN [14]). Every poly-
nomial p of degree d < n that has absolute value

Ip(3)] < 1 for all integers i € [0, n],

satisfies

Ip(z)| < ae?®/m for all real z € [0, n],

where a,b > 0 are universal constants (no explicit values for
a and b are given in [14)]).

The other two results concern the Chebyshev polynomials
Ty, defined as in [27):
d
T2 — 1) > .

Ty(x) = % ((:B+ Va2 — 1)d+ (x—

Ty has degree d and its absolute value |T4(x)| is bounded by
1if x € [-1,1]. On the interval [1, 00), Tq exceeds all others
polynomials with those two properties ([27, p.108] and |25}
Fact 2]):

THEOREM 6. If q is a polynomial of degree d such that
lg(z)] <1 for all x € [—1,1] then |g(z)| < |T4(z)| for all
x> 1.

24V 2utu? for all

LEMMA 7
> 0.

(PATURI [25]). Ta(l4p) <

PROOF. FOI'ZC—1+/,L Ti(x T+ VvV

w20+ p?) 1+2\/2,u+,u <62dV2“+“. D

The following lemma is key. It analyzes polynomials that
are 0 on the first m integer points, and that significantly
“Sump” a bit later.

LEMMA 8. Suppose E, N, m are integers satisfying 10 <
E < X and let p be a degree-D polynomial such that

2m>’



p(i) =0 for alli € {0,...,m — 1},
p(8m) = o,
p(i) € [0,1] for all i € {0,...,N}.

Then o < 20(D2/N+D\/m—mlogE).

PRrROOF. Divide p by H;”;Ol(x — j) to obtain

p(@) = @) [ (o),

where d = deg(q) = D—m. This implies the following about
the values of the polynomial g:
la(8m)| > o/(8m)™,
lg(i)] < 1/((E—-1)m)™ forie {Em,...,N}.

implies that there are constants a,b > 0 such
that

_a  bd®*/(N-Em) _ B

(B =1)m)™

for all real z € [Em, N].

lg(z)] <

We now divide ¢ by B to normalize it, and rescale the in-
terval [E'm, N| to [1,—1] to get a degree-d polynomial ¢ sat-
isfying
t(z)| <
tl4+p) =

1 forall z €[-1,1],
q(8m)/B for p=2(E —8)m/(N — Em).

Since t cannot grow faster than the degree-d Chebyshev
polynomial, [I’heorem 6| and |Lemma 7] imply

t(l"’,U) S eQd\/2u+#2.

Combining our upper and lower bounds on (1 + u) gives

o ((E - 1)m)m < eO(d\/Em/N)

(gm)m' aeO(d?/N) =

which implies the lemma. []

THEOREM 9. There exists o > 0 such that for every thresh-
old function T; and positive integer k: Every 1-sided error
quantum algorithm with T' < akQ2(T:) queries for comput-
ing Tt(k) has success probability o < 2~ k)

PROOF. We assume without loss of generality that ¢ <
n/20, the other cases can easily be reduced to this. We know
that Q2(T:) = ©(+/tn) [8]. Consider a quantum algorithm
A with T < ak+v/tn queries that computes f(k) with success
probability . Roughly speaking, we use A to solve one big
threshold problem on the total input, and then invoke the
polynomial lemma to upper bound the success probability.

Define a new quantum algorithm B on an input x of N =
kn bits, as follows: B runs A on a random permutation 7(x),
and then outputs 1 iff the k-bit output vector has at least
k/2 ones.

Let m = kt/2. Note that if || < m, then B always
outputs 0 because the 1-sided error output vector must have
fewer than k/2 ones. Now suppose |z| = 8m = 4kt. Call an
n-bit input block “full” if 7w(x) contains at least ¢ ones in that
block. Let F' be the random variable counting how many of
the k blocks are full. We claim that Pr[F > k/2] > 1/9.
To prove this, observe that the number B of ones in one
fixed block is a random variable distributed according to

a hypergeometric distribution (4kt balls into N boxes, n
of which count as success) with expectation p = 4t and
variance V' < 4¢. Using Chebyshev’s inequality we bound
the probability that this block is not full:

Pr[B < t] < Pr[|B — u| > 3t] < Pr[|B — pu| > (3Vt/2)VV]
1 4
< — < =,
(3vE/27 9
Hence the probability that the block is full (B > t) is at
least 5/9. This is true for each of the k blocks, so using
linearity of expectation we have

% < Exp[F] < Pr[F > k/2) -k + (1 — Pr[F > k/2)) - g

This implies Pr[F > k/2] > 1/9, as claimed. But then on
all inputs with |z| = 8m, B outputs 1 with probability at
least ¢ /9.

Algorithm B uses akv/tn queries. By [8] and symmetriza-
tion, B’s acceptance probability is a single-variate polyno-
mial p of degree D < 2ak+/tn such that

p(i) =0foralli € {0,...,m—1},
p(8m) > /9,
p(i) € [0,1] for all ¢ € {0,...,N}.

The result now follows by applying with N =
kn, m = kt/2, E = 10, and « a sufficiently small positive
constant. [

5. TIME-SPACE TRADEOFF FOR
SYSTEMS OF LINEAR INEQUALITIES

Let A be a fixed N x N matrix of nonnegative integers
and let z,b be two input vectors of N nonnegative integers
smaller or equal to t. A matriz-vector product with upper
bound, denoted by y = (Ax)<s, is a vector y such that
yi = min((Ax)[i],b;). An evaluation of a system of linear
inequalities Az > b is the N-bit vector of the truth values
of the individual inequalities. Here we present a quantum
algorithm for matrix-vector product with upper bound that
satisfies time-space tradeoff T2S = O(tN3(log N)®). We
then use our direct product theorems to show this is close
to optimal.

5.1 Upper bound

It is easy to prove that matrix-vector products with up-
per bound t can be computed by a classical algorithm with
TS = O(N?logt), as follows. Let S’ = S/logt and divide
the matrix A into (N/S’)? blocks of size S x S’ each. The
output vector is evaluated row-wise as follows: (1) Clear
S’ counters, one for each row, and read b;. (2) For each
block, read S’ input variables, multiply them by the corre-
sponding submatrix of A, and update the counters, but do
not let them grow larger than b;. (3) Output the counters.
The space used is O(S"logt) = O(S) and the total query
complexity is T = O(%; - & - §') = O(N?logt/S).

The quantum algorithm BOUNDED MATRIX PRODUCT works
in a similar way and it is outlined in We compute
the matrix product in groups of S’ = S/log N rows, read
input variables, and update the counters accordingly. The
advantage over the classical algorithm is that we use the
faster quantum search and quantum counting for finding
non-zero entries.



BOUNDED MATRIX PRODUCT (fixed matrix Ayxn, thresh-
old t, input vectors = and b of length V)
returns output vector y = (Azx)<y:

e Fori=1,2,... where S’ = S/log N:

75/7

1. Run SMALL MATRIX PRODUCT on the i-th block
of S’ rows of A.

2. Output the S” obtained results for those rows.

SMALL MATRIX PrRODUCT (fixed Ag/xy, input znx1 and
bsrx1) returns ysrx1 = (Ax)<p:

1. Initialize y := (0,0,...,0), p := 1, U := {1,...,S5"},
and read b. Let a1xn denote an on-line computed row-
vector with a; = 1 if Afu, j] = 1 for some u € U, and
a; = 0 otherwise.

2. While p < N and U # 0, do the following;:

(a) Let ép,r denote an estimate of the scalar product

p+k—1

Cp,k = E a;xj.
Jj=p

Initialize k = S’. First, while p+k —1 < N and
Cpi < S, double k. Second, find by binary search
the maximal ¢ € [£,k] such that p+¢—1 < N
and ¢ < 25"

(b) Use quantum search to find the set J of all posi-
tions j € [p,p + £ — 1] such that a;z; > 0.

(¢) For all j € J, read zj, and then do the following

for all u € U:
e Increase y, by Alu, jlz;.
o If y, > by, set y, := b, and remove u from
U.

(d) Increase p by £.
3. Return y.

Table 1: Algorithm Bounded Matrix Product

The u-th row is called open if its counter hasn’t yet reached
by. The subroutine SMALL MATRIX PRODUCT maintains a
set of open rows U C {1,...,5'} and counters 0 < y,, < by,
for all u € U. We process the input z in blocks, each con-
taining between S’ — O(v/S’) and 25’ + O(+/S') non-zero
numbers at the positions j where A[u, j] # 0 for some u € U.
The length ¢ of such a block is first found by iterated quan-
tum counting (with number of queries specified in the proof
below) and the non-zero input numbers are then found by a
Grover search. For each such number, we update all coun-
ters 4, and close all rows that exceeded their threshold b,,.

THEOREM 10. BOUNDED MATRIX PRODUCT has bounded
error probability, its space complexity is O(S), and its query
complezity is T = O(N®?\/t - (log N)*/?/V/S).

ProoF. The space complexity of SMALL MATRIX PROD-
ucT is O(S" log N) = O(S), because it stores a subset U C
{1,...,S’}, integer vectors y, b of length S’ with numbers at
most t < N, the set J of size O(S’) with numbers at most
N, and a few counters. Let us compute its query complexity.

Consider the i-th block found by SMALL MATRIX PROD-
UCT; let p; be its left column, let ¢; be its length, and let
U; be the set of open rows at the beginning of processing of
this block. The scalar product ¢, ¢; is estimated by quan-
tum counting with M = +/#; queries. Finding a proper ¢;
requires O(log ¢;) iterations. Let r; be the number of rows
closed during processing of this block and let s; be the total
number added to the counters for other (still open) rows in
this block. The numbers ¢;,r;, s; are random variables. If
we instantiate them at the end of the quantum subroutine,
the following inequalities hold:

Z Si S tS/.
K3

Z& <N, Zm < 8, and

The iterated Grover search finds ones for two purposes: clos-
ing rows and increasing counters. Since each b; < t, the
total cost in the 4-th block is at most » 7%, 'O/t / i) +

255, Ot/ j) = O(Veirit++/{;s;). By a Cauchy-Schwarz
inequality, the total number of queries that SMALL MATRIX
PRrRODUCT spends in the Grover searches is at most

#blocks

S (VB 4 Vi) < \/ze,-\/tanzzvzsi
< VEVES + VNV = O(/NF).

The error probability of the Grover searches can be made
polynomially small in a logarithmic overhead. It remains
to analyze the outcome and error probability of quantum
counting. Let ¢; = cp, ¢, € [S',25’]. One quantum counting
call with M = \/Z; queries gives an estimate w such that

w—ci|—0< “[Hﬁ) — 0(/&) = O

with probability at least 8/72 ~ 0.8. We do it O(log N)
times and take the median, hence we obtain an estimate ¢
of ¢; with accuracy O(v/S”) with polynomially small error
probability. The result of quantum counting is compared
with the given threshold, that is with S’ or 25’. Binary
search for £ € [£ k] costs another factor of logk < log N.
By a Cauchy-Schwarz inequality, the total number of queries
spent in the quantum counting is at most ( logN times

Z\F<\/§\/>1<\F\/m

<VNVS +t< VNS,

because in every block the algorithm closes a row or adds
©(9’) in total to the counters. The number of closed rows is
at most S’ and the number S’ can be added at most ¢ times.

The total query complexity of SMALL MATRIX PRODUCT
is thus O(VNS't - (log N)?) and the query complexity of
BoOUNDED MATRIX PRODUCT is N/S’-times bigger. The
overall error probability is at most the sum of the polyno-
mially small error probabilities of the different subroutines,
hence it can be kept below 1/3. [

5.2 Lower bound

Here we use our direct product theorems to lower-bound
the quantity 728 for T-query, S-space quantum algorithms
for systems of linear inequalities. The lower bound even
holds if we fix b to the all-t vector ¢ and let A and z be
Boolean.



THEOREM 11. Let S = min(O(N/t),o(N/log N)). There
exists an N X N Boolean matrix A such that every 2-sided
error quantum algorithm that uses T' queries and S qubits of
space to decide a system Az > T of N inequalities, satisfies
T2S = Q(tN3).

PROOF. The proof is a modification of Theorem 22 of [20]
(quant-ph version). They use the probabilistic method to
establish the following

Fact: For every k = o(N/log N), there exists an N x N
Boolean matrix A, such that all rows of A have weight N/2k,
and every set of k rows of A contains a set R of k/2 rows
with the following property: each row in R contains at least
n = N/6k ones that occur in no other row of R.

Fix a matrix A for k = ¢S, for some constant ¢ to be cho-
sen later. Consider a quantum circuit with 7' queries and
space S that solves the problem with success probability
at least 2/3. We “slice” the quantum circuit into disjoint
consecutive slices, each containing Q@ = aVitNS queries,
where « is the constant from our direct product theorem
(Theorem 1)). The total number of slices is L = T'/Q. To-
gether, these disjoint slices contain all N output gates. Our
aim below is to show that with sufficiently small constant a
and sufficiently large constant ¢, no slice can produce more
than k outputs. This will imply that the number of slices is
L > N/k, hence

Now consider any slice. It starts with an S-qubit state
that is delivered by the previous slice and depends on the
input, then it makes Q queries and outputs some ¢ results
that are jointly correct with probability at least 2/3. Sup-
pose, by way of contradiction, that ¢ > k. Then there ex-
ists a set of k rows of A such that our slice produces the
k corresponding results (t-threshold functions) with proba-
bility at least 2/3. By the above Fact, some set R of k/2
of those rows has the property that each row in R contains
a set of n = N/6k = O(N/S) ones that do not occur in
any of the k/2 — 1 other rows of R. By setting all other
N — kn/2 bits of = to 0, we naturally get that our slice,
with the appropriate S-qubit starting state, solves k/2 in-
dependent ¢-threshold functions T3 on n bits each. (Note
that we need t < n/2 = O(N/S); this follows from our as-
sumption S = O(N/t) with appropriately small constant in
the O(+).) Now we replace the initial S-qubit state by the
completely mixed state, which has “overlap” 27 with ev-
ery S-qubit state. This turns the slice into a stand-alone
algorithm solving Tt(k/2) with success probability

2 s
> 2975,
7=3

But this algorithm uses only @ = avtNS = O(akvin)
queries, so our direct product theorem (Theorem 1)) with

sufficiently small constant « implies
o < 2 kD) _ 9=9es/2)
Choosing c a sufficiently large constant (independent of this

specific slice), our upper and lower bounds on ¢ contradict.
Hence the slice must produce fewer than k outputs. [

It is easy to see that the case S > N/t (equivalently,
t > N/S) is at least as hard as the S = N/t case, for which

we have the lower bound 725 = Q(tN?%) = Q(N*/S), hence
TS = Q(N?). But that lower bound matches the classical
deterministic upper bound up to a logarithmic factor and
hence is essentially tight also for quantum. We thus have
two different regimes for space: for small space, a quantum
computer is faster than a classical one in solving systems of
linear inequalities, while for large space it is not.

A similar slicing proof using [Theorem 9| (with each slice
of @ = eV NS queries producing at most S/t outputs) gives
the following lower bound on time-space tradeoffs for 1-sided
error algorithms.

THEOREM 12. Let t < S < min(O(N/t?),0(N/log N)).
There exists an N X N Boolean matriz A such that every
1-sided error quantum algorithm that uses T' queries and S
qubits of space to decide a system Az > 1T of N inequalities,
satisfies T>S = Q(t*N?).

Note that our lower bound Q(t>N?) for 1-sided error algo-
rithms is higher by a factor of ¢ than the best upper bounds
for 2-sided error algorithms. This lower bound is proba-
bly not optimal. If S > N/t* then the essentially optimal
classical tradeoff TS = Q(N?) takes over.

6. SUMMARY

In this paper we described a new version of the adversary
method for quantum query lower bounds, based on analyz-
ing the eigenspace structure of the problem we want to lower
bound. We proved two new quantum direct product theo-
rems, the first using the new adversary method, the second
using the polynomial method:

e For every symmetric function f, every 2-sided error
quantum algorithm for f*) using fewer than akQ2(f)
queries has success probability at most 2~ k)

e For every t-threshold function f, every 1-sided error
quantum algorithm for f*) using fewer than akQ2(f)
queries has success probability at most 2~ Skt

Both results are tight up to constant factors. From these re-

sults we derived the following time-space tradeoffs for quan-

tum algorithms that decide a system Ax > b of N linear
inequalities (where A is a fixed N X N matrix of nonnega-
tive integers, x, b are variable, and b; < ¢ for all ):

e Every T-query, S-space 2-sided error quantum algo-
rithm for evaluating Az > b satisfies T2S = Q(tN?)
if S < N/t, and satisfies TS = Q(N?) if S > N/t.
We gave an algorithm matching these bounds up to
polylog factors.

e Every T-query, S-space l-sided error quantum algo-
rithm for evaluating Az > b satisfies T%S = Q(¢*N?) if
t < S < N/t, and satisfies T'S = Q(N?) if S > N/t2.
We do not have a matching algorithm in the first case
and conjecture that this bound is not tight.
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APPENDIX
A. PROOFS FROM SECTION 3
A.1 Proof of Lemma 2

The measurement of H4 decomposes the state in the Hr
register as follows:

>

ai,..., ap€{0,1}

pal,“A,akaal,“,,ak;

,,,,, a;, being the probability of the measurement giv-
ing the answer (ai,...,ax) (where a; = 1 means the algo-
rithm outputs—not necessarily correctly—that |xj | =t and
aj = 0 means |2/| = ¢t — 1) and 04, .. 4, being the density
matrix of Hj, conditional on this outcome of the measure-
ment. Since the support of p is contained in So— @ - -BSm—,
the support of the states 0q,....,q, is also contained in Sp— @

-+ @® Sm—. The probability that the answer (ai,...,ax) is
correct is equal to
TrII t—1+a,; Taq,...,ap- (2)

®F_1®_o 7 Siay
We show that, for any o0q,,....q, With support contained in

S, : Zz/:o (rf’)
0— @---@Sm_,ﬂls at most R

For brevity, we now write o instead of 0q4,,...,q;- A mea-
surement w.r.t. ®§:1 @1 51,q; and its orthogonal complement
commutes with a measurement w.r.t. the collection of sub-
spaces

®§:1(Slj,0 @ Si; 1),

where [y, ..., range over {0,...,t}. Therefore

TrH@?:léBlsl’a]’U:l g : TrH@;?:l@zSz,ajH®§:1(5zj,o€95zj,1)a‘
Lol



13,00

uniform superposition of states with |z| = ¢ — 1 + a and with j fixed bits set to 1

T spanned by [¢f, ;) for all j-tuples i
Sja =Tj,aN T]-J;La that is, we remove the lower-dimensional subspace
Wi‘ll,m,ij) projection of |wf1 lJ) onto Sjq
Sj+ spanned by \IIﬁC’)H + % T
R; =55+ for j < % .. bad subspaces
R,/ direct sum of Sj 4+ for j > t/2, and all Sj,— .. good subspaces
%
D K S where |r| is the number of minuses in r =r1,...,7%
Iri=m i=1
Rm= ®R1 where 7|1 is the sum of all entries in j = j1,...,jk
[jli=mi=
=@ Rnm
m>j
W“, ) uniform superposition of states with |x| =t — 1+ a, with j fixed bits set to 1, and z1 = b
Tjap spanned by \w """ ) for all j-tuples %
Sjab =TjabN Tj{ 1,a,p that is, we remove the lower-dimensional subspace
|¢11, 71j> projection of |¢“’b ; ) into Sj.a.b
.8 )
S spanned by ajjzzo] . Bl

Table 2: States and subspaces used in the proof

Hence to bound it suffices to prove the same bound with

o =11 o
= ®?:1(Slj,0@slj,l) '

instead of o. Since
(®?:1(Sl]~,o @ Szj,1)) n (®§:1(@zsz,aj)) = ®§:1Szj,aj>
we have

’
TrH®?:1(EBlSl )a =Trilgr s . 0. (3)
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We prove this bound for the case when ¢’ is a pure state:
= |¢){(¢|. Then equation is equal to

Mee_s, @I (4)

The bound for mixed states o’ follows by decomposing ¢’ as
a mixture of pure states |¢), bounding for each of those
states and then summing up the bounds.

We have

k

NS, .0981,.1)) =

j=1 1R €{+,—}, =1
[{iry==}I<m

(So-®- - - ®©Sm—

We express

|1/)> = Z arl,.“,'rk|wr1,4.4,rk>7

r1,enrr€{+H, =1,
[{izr;=—}|<m

with [¢r, .. ,rk>€®3 151;,r;- Therefore
2
Mer_,s,, . Y7 < > s, el Mgt_ys, o el
Ty Th
2
< Y0 Mg s, Wrndl (5)
T1yeesTh K

k
EB ®Slﬂj'

where the second inequality uses Cauchy-Schwarz and

Wl = > lar . n = 1.

T1y.-sTk

1

2
Cram 13. [Hge_ s, YrimI” < o

PROOF. Let |¢??), 4 € [dim S1; 0] form a basis for the sub-
space Si; 0. Define a map Uj : Si;,0 — Si;,1 by U]-|7,Z~J?17”_7il )=
~ J
i, ..., i ). Then U; is a multiple of a unitary transforma-

tion: U; = ¢;U;} for some unitary U; and a constant c;.
(This follows from |Claim 16 in [Appendix A.4])
Let |o)") = Uj |<p “). Since U; is a unitary transforma-

tion, the states |<p1 ') form a basis for Si;,1- Therefore

k
® (6)

is a basis for ®] 15 Moreover, the states

35

. . 1 . o 1 . )
ol ™) = ﬁ"pi,0>+ﬁ|¢i,l>v lo ™) = ﬁ\@i’())*ﬁ\%’l)

are a basis for Si; 4+ and S, —, respectively. Therefore

Z iy, ,zk®| ) (7

The inner product between ®F_ 1\4,0]’“’) and ®J 1 ]’T’) is

W}m,mﬂ“k

k

T ]a
J ’.]
||¢17|

j=1 g

Note that r; 6 {+,—} and a; € {0,1}. The terms in this
product are +-L 7 if i, = i; and 0 otherwise. This means that



®F= 1|g0J’ 7Y has inner product &5 k/Q with @ 1\503’ 7Y and

inner product 0 with all other basis states @ Therefore,

H®§:1Sz, ®J 1] ”J>: D 1] Jﬂj)

2k/2
Together with equation |(7)} this means that

1 1
‘|H®§:ls,jyaj W"i,mmk” < Wiwri,mn = ok/2"

Squaring both sides completes the proof of the claim. []

Since there are (W’j/) tuples (r1,...,7rg) with 71,...,7% €

{+,—} and |{i : /s = —}| = m/, [Claim 13| together with
equation implies

s Xho (b))

L =

A.2  Proof of Corollary 3
Let |¢) be a purification of p in Ha ® H;. Let

[¥) = V1=3ly) +Vély")

where [1’) is in the subspace Ha @ (So— ®S1- &+ B Sm—)
and [¢"') is in the subspace Ha ® (So— DS1- D -+ @Sm,)J‘
Then 5 = TI‘H(S(F@H.@SW?)J_ p-

The success probability of A is the probability that, if we
measure both the register Ha containing the result of the
computation and Hz, then we get a1, ...,ar and z', ..., z"
such that z7 contains t —1+a; ones for every j € {17 k:}

Consider the probability of getting a1, ..., ar € {0, 1} and
2l zk e {0 1}™ with this property, when measuring |1’)
(1nstead of |¢)). By [Lemma 2| this probability is at most

Zmlgo (m ) . We have

[ =3[l < (1= VI =3[l + Vollv"|
=(1-vV1-0)+ Vs <2Ve.
We now apply

LEmMA 14 ([9]). For any states |3) and |¢') and any
measurement M, the variational distance between the prob-
ability distributions obtained by applying M to |v) and |¢")
is at most 2|y — ']

Hence the success probability of A is at most

L()()+4f Zm/ ( )—|—4\/’I‘I'H(5 D DSy )L P

A.3 Structure of the subspaces when asking
one query

Let [1pq) be the state of Ha ® H after d queries. Write

kn
[a) =Y ailtas),
=0

with |¢4,;) being the part in which the query register con-
tains ‘Z) Let pPd,i = TI‘HA ‘¢d,i><¢d,i|~ Then

kn
pa=y_ a;pai- (8)
=0

Because of
kn
Trilg,,pa = Z af Tr1lr,,pd,i,

=0

S a? P(pd i). Let pj; be the state after

the d-th query and let p); = :L a? pa.s be a decomposition
similar to equation |(8) m follows by showing

-0+ 2= 1) Ploa) ©)

for each i. For ¢ = 0, the query does not change the state
if the query register contains |i). Therefore, p}; o = pa,0 and
P(pj.0) = P(pa,0). This means that equation is true for
i =0. To prove the i € {1,...,kn} case, it suffices to prove
thei =1 case (because of symmetry).

Let |1/J """ i) (witha,b € {0,1} and iy, ... 45 € {2,...,n})
be the uniform superposition over basis states |b, x2, ..., Zn)
(of Hone) with b4+ 22+ -+, =t —14a and z;, =
<+ =mx;; = 1. Let T} 4,6 be the space spanned by all states

we have P(pq) =

P(py;) < (1+

,,,,,,,,,,,
a,b
HT]{L’a’b|¢i1’,...,iJ~>'

Let S;f’f be the subspace spanned by all states

wal? i) +6|1/}31,1 i)
. 1[I ,.||'

L5

(10)

_ n—(t—1+4a) |, 7a,0
Cram 15. Let aq = /"= =2 |4f)

,in and Ba =

BRI Then (i) S7eP € Sja and (id)
S~ o C Sit1a.
PROOF. For part (i), consider the states [¢f, ;) in T},
for 1 ¢ {i1,...,i;}. We have
a n— (t -1+ CL) a,0
[¥iy, i) = TW@,“.JQ
(t -1 + a) - ] a,l
T|¢il,...,¢j> (11)

.xn) with |z] =t —1+4+a
and z;, = --- = =z;=1,a w fraction have z1 = 0
and the rest have 1 = 1. The projections of these states to

L
T 1aomT 1a1are

because among the states |z ..

n—(t—1+4a)

- t—1+a)—j
AR Ry (G oA |
J

] 7’7/7]

Ta,l
i ;)

which, by equation (10) are exactly the states spanning
Sﬁg’ﬁa. Furthermore, we claim that

Tj-1,a C€T5-1,0,0 B Tj-1,a,1 CTja. (12)

The first containment is true because Tj_1,, is spanned by
the states \1/)317,”71']._& which either belong to Tj_2,4,1 C
Ti—1,a1 (1f 1€ {in,..., 05— 1}) or are a linear cornbination of
states |1/111 """" i,_,) and \w” """" i,_,) (by equation (11))), which
belong to T_1,4,0 and Tj_1,4,1. The second containment fol-
lows because the states |1/J”Y1M i,_,) spanning T; 1 41 are the
same as the states |97 ;, y which belong to T}, and
the states |d’;‘l1’?n,ij71> spanning T _1,4,0 can be expressed as
linear combinations of [ ij—1> and |Yf;, ij71> which
both belong to T} 4.
The first part of (12)) now implies

Sij—1

asBa 1
Sa s CT 1aomT 1a1 C T 1



Also, Sﬁg”@“ C T} q, because Sﬁ;’ﬁa is spanned by the states

= |1/]7?1,...,ij> - HTj—l,a,O@Tj—l,a,l |w;11,4.4,ij>

and |4 ;) belongs to T}, by the definition of T}, and

Or;_y 008 J?La)l\zp,l ’’’’ lJ) belongs to T}, because of the

second part of. Therefore, Szg’ﬁ“ - Tj,aﬂTjJ‘_l’a = Sj,a-
For part (ii), we have

Sfi;’ﬁa C 55,0,0 D Sj.a1 € Tjao®Tja1 CTjg1,a,
GoaBa g g d
e panne
by linear combinations of vectors |wf‘101]) (which belong
to Sj.a,0) and vectors |z/~)f11“> (which belong to Sj.q,1) and
the last containment is true because of the second part of

equation (12]). Now let

where the first containment is true because

) = fa el (13)

“a. To prove that [¢)
is in Sj41,a = Tj41,a N T}y, it remains to prove that [t) is
orthogonal to Tj,,. This is equivalent to proving that |¢)
is orthogonal to each of the vectors |1/Jf,1 ;) spanning T q.
oty

We distinguish two cases (note that 1 & {i1,...,4;}):
Case 1. 1 € {i},...,4;}.

For simplicity, assume 1 = z; Then |1/Jf,1

. /80”7
be one of the vectors spanning 575

;) is the same
J

as W) » ), which belongs to Tj_1,4,1. By definition,
,,,,, '
the Vector |¥)) belongs to T;- .0 NT;-1 4.1 and is therefore
orthogonal to \w‘.z/’l L)
il g
Case 2. 1 & {i1,...,4;}.
We will prove this case by induction on ¢ = |{71,...,i} —

{ir, o ig -

In the base step (¢ = 0), we have {i}, ...
Since [¢) belongs to T]-L_La,o N le—l,a,17 it suffices to prove
|¥) is orthogonal to the projection of |47, JJ) t0 T 1 400
Tj{La,l which, by the discussion after equation , equals

a

3L L (14)

,,,,, .j

From equations and , we see that the inner product
of the two states is aqBa — Bacta = 0.

For the inductive step (¢ > 1), assume &} & {i1,...,%;}.
Up to renormalization, we have

|¢g/1,...,z'_’7._1> = Z ‘w?’l,.“,i;._l,i’>'
gLy}

Because |1pf/1 .
seeerth

y 1) isin Tj-1,a,0®Tj-1,a,1, we have

Z <¢i/1,...,i3.71,i’|w> = <wi’1,...,i971|¢> =0. (15)
g i}
As proven in the previous case, (wfll v 1Y) = 0. More-
st
over, by the induction hypothesis we have <¢v R |w>

0 whenever i’ € {i1,...,i;}. Therefore equatlon re-

AT

duces to

> (W .

& @i iy i1yl

ol =0 (16)

By symmetry, the inner products in this sum are the same
for every i'. Hence they are all 0, in particular for ¢’ =4;. [

A.4 Proof of Lemma 4

CrAmm 16. The maps Uoi : Sj0,0 — Sj0,1, Uto = Sj,0,0 —
Sj,l,o and U1t : Sj,oo — Sjl 1 deﬁ'fled by Uabwjlh i > =

|1/~’f1b1]> are multiples of unitary transformations: Uab =

cabUL, for some unitary U., and some constant cqp.

Proor. We define M : Tj70,0 — T‘,O,l by

Tn) = Z [1zs ..

L:xp=1

M0z . .. cZe—10Zp41 .. T

Note that M does not depend on j. We claim
MIEY ) = el i), (17)
MT‘wzl, ,' > =c ‘wzl, ,1j>7

for some constants ¢ and ¢’ that may depend on n,t and j
but not on i1,...,%;. To prove that, we need to prove two
things. First, we claim that

0,0
M|wi1,m,ij> = C‘wzl,

where |¢') € Tj_1,0,1 (note that 1 & {i1,...,i;}). Equa-
tion |(18)| follows by

O+, (18)

i

1
O W Y
yeeesi (n—j—l) - -
t—1—j z:|z|=t—1,21=0
@iy =e=a4, =1,
= — Z [1zo...2e—10Z¢41 ... Tn)
\/7 |=t 1 ,o1=0~L:xp=1

=T =1

_ "(ntill Z ly)

t—1 ]) yily|=t—1,y1=1

t717j) =1 y:|ly|=t—1,y1=1,y;,=0
Yig ==y ;=1

_ on—t—j+1 Y W

n Jj— 1
t 1— J nyI t—1,y1=1
Yig ==y ;=1
= > ly)
t1] Zly\yltlylfl
==Yi,_ =1
ylm_l =y =1

= (n—t—J+1)\/ t+1|¢n, ig)

This proves , with [1)') equal to the second term.



Second, for every j, M(Tj0,0) C Tjo,1 and M(T;,) C
TjJ:O,l' The first statement follows from equation 1} be-
cause the subspaces Tj0,0, Tj0,1 are spanned by the states
Wiy ;) and [0, respectively, and Tj-1,01 C Tjo,1-

To prove the second statement, let |¢) 1?7%0,07 [1)

>, azlz). We Would like to prove M|y) € Tjp . This is
equivalent to (1) i1 i, [M[¢) =0 for all 4y, ..., i;. We have
1
W?{,l...,ij |M|y) = T Z (y|M|y)
(t—j—z) yily|=t—1,y1=1
Yig ==y, =1

L E I

—j—1
(t—jJ—Q) z:|z|=t—1,z1=0 Lixp=1
Tig == =1 ¢¢{i1,..., ij}
t—1—3
= a, =0
TR 2
t—j—2 |z|=t—1,21=0
Ti = ::tq;jzl
The first equality follows by writing out (1&11’ "y |, the sec-

ond equality follows by writing out M. The third equahty
follows because, for every z with |[z| =t—1and z;, =--- =
xi; = 1, there are ¢t — 1 — j more £ € [n] satisfying z, = 1.
The fourth equality follows because Y aijoj=t—1,0,=0 Gz 1S &

Ty ===
constant times (1/1?101] [1), and (1/101(‘)”” [y = 0 because
W) j,O 0-
To deduce equation [(17)} we write
0,0
|wi1,.u,ij> |w11, ,1J>+HT 100W)117 ,1j>'

Since M(ijly()’o)CTflol and M( 100)CT_101,

70,0 0,0

lei1,4..,ij> = HTJ{LDJMWQ,“.,@)
0,1
= CHTJJ'—l,o,l Wn > = C|¢'11, i >

with the second equality following from and [¢') €
Tj—1,0,1. This proves the first half of [(17)l The second half
follows similarly. Therefore

t B 1,700
|M MW’ ,,‘,¢9>—c‘c<wilp

<0,0
1950 )

< 11, i R AR L

Hence M is a multiple of a unitary transformation. By equa-
tion Uo1 = M/c and, therefore, Up; is also a multiple
of a unitary transformation.

Next, we define M by M|0zz...xn) = |lz2...2n). Then
M is a unitary transformation from the space spanned by
|0x2...%n), 2 + -+ 22 =t — 1, to the space spanned by
lzg...xn), 1+ 22+ -+ 2, =t. We claim that Uy = M
To prove that, we first observe that

1
ML i) = ——

n—j—1
(tfj—l) L2,..., Ty

@y ==wi; =1

= > ez =)

n—j—1
t—j—1 L, Tyt

x; =‘“=zi7-=1

M|0zz ... zxn)

Since T} 4,5 is defined as the subspace spanned by all |1/J

this means that M (T},0,0) =
Ti-11,1-

i )
,,,,, i
Tj 1,1 and similarly M( j-1,0,0) =
Since M is unitary, thls implies M(T Z10, 0) =

TjJ:l,l,l and

70,0 0,0
MW&{,,zﬂ = MHTJ¥71701O|wi£,..4,ij>
1,1 71,1
= HTJ4-71,111|¢7,’1’,4.4,'£]~> = |¢zlz,>

Fmally, we have U1o = UipUi1, where Uiy is defined by
|1/1 """" ) |1/J ) Since U1 is unitary, it suffices to
prove that U 10 1S a multlple of a unitary transformation and

this follows similarly to Up; being a multiple of a unitary
transformation. [

,,,,,

Let |¢oo) be an arbitrary state in Sjo,0 for some j €
{0,...,t —1}. Define |1as) = Ujy|th00) for ab € {01, 10,11}.
Let |¢2),...,|¢r) be vectors from subspaces Rj,,..., Rj,,
for some jo, ..., jix. We first analyze the case when pg41 be-
longs to the subspace Ha spanned by [1ap) ®@|t2) Q- - - ® |1hk).

CrAamM 17. Let

o = MH#} ..... i1l Be = %Wf{} il
a/ ,B,
= - i T
% = Jemerane P T Jenrrane e
1. [¢1) = aoltboo) + Boltor) + ailibio) + Bilthi1) belongs to
Si+5
2. |d2) = Boltoo) — awltbor) + B1|t10) — aalihi1) belongs to
Si+1,+5

3. Any linear combination of |Yoo), |to1), [10) and |111)
which is orthogonal to |¢1) and |p2) belongs to S— =

@;:0 SJ?*

PROOF. Let i1,...,4; be j distinct elements of {2,...,n}.
As shown in the beginning of the proof of [Claim 15]

~a n—({t—14a) a0
Vi, i) = TW}“ ,,,,, i)
(t71+a)7.j Ta,l
+ T\%l,“.,iﬂ
a,0 a,l
, 150 ) W03y
= Qq a,0 ﬁa a,l .
Hwil,m,”” ||1:[)z1, 71J||
This means that ||1/;f1 77777 i; I = v/ (ah)? + (84)* and
8, 05 i) 5 i,)
= Qaq 7a,0 +6a Ta,l .
T A R T
Since the states |1/~)?1“> span Sjo, the state [oo) is a
00
i) .
linear combination of states W. By [Claim 16} the
IR

“a,b

states |¢qp) are linear combinations of ‘T]”
i1,

same coefficients. Therefore, |¢1) is a linear combination of

70,0 70,1 71,0 71,1

with the

i Vg
Qo0"=570 =+ Bo ~0.1 —ta 1,0 —+ b 11
R I I B Il T
|1/)~?1, ,iJ> |1Z}i11, ,’L'J>

SRSl
each of which, by definition, belongs to Sj +



Let i1,...,1; be distinct elements of {2,...,n}. We claim
= 7a,0 “a,1
[ty i) _g [ ;) . [ ) (19)
~ — Ma ~a.0 - a ~a.l .
P B T

By m (Claim 15| the right hand side of- belongs to Sjt1,q.
We need to show that it is equal to |¢f,;, ) We have

08 ) = T[98, ) = Tl 9]
a,l
=g Ty [

Y o, iy

1
> = HTJ% |¢;l1, ,1j>7

where the third equality follows from Tj_1,4,1 C Tj,q. This

. 1 "
is because the states |1/Jf1 i 1) spanning T_1,,,1 are the
i

same as the states |1/J(11Yi1’_'_7i].71> in T},o. Write

where
i) i i)
‘61> = Qg ~a,0 +ﬂa a1 )
T T
7,a,0 7.a,
30 i i)
‘52> = ﬁa 7a,0 — Qa Ja,l
e T L
Bym we have |61 € Sja C Tja, |02) € Sjt1,0 C
Tj-. Therefore, HTL W“, ’1j> = ¢2|d2) and
- “a,0 Ta,1
|¢(ll,i1 ..... 1J> |,¢);7'1 ..... 1J> |,¢)i”'1 ..... zJ>
Pt 5y g, Sl et
M’l,il ..... zJH Hwn """ ZJH ||1/’¢1 ,,,,, 7,]H

proving [(19]
Similarly to the argument for |¢1), equation |(19)| implies
that |¢2) is a linear combination of

70,0 70,1 71,0 71,1
T SN 2 L SN 7 S SR

g J
l

i
0,0 — Q001 + 81135 —Q1 =T

Bo
;i [ i, l1i,...

K2 K2 si

B} i)
LT

and each of those states belongs to S;41,+.

To prove the third part of we observe that any
vector orthogonal to |¢1) and |¢2) is a linear combination of

|$3) = awltoo) + Boltbor) — ca|tio) — Bulvhir),
which, in turn, is a linear combination of vectors
P0y) i, ->
199l Il

.....

..... ij

g 713

and
|¢4) = Boltboo) — aoltor) — Bilro) + aalgpin)
which is a linear combination of vectors
|";?111J> B |1/~1%11“>
1900l o I
This means that we have |¢3) € S;,_ and |¢4) € Sj1,—. O

CramM 18. Letj <t/2 and 2l = x(x —1)--- (xz — j + 1).
~a, (n—t—a+0b)i
PO TR [y LA AL
(n—4)*

7,0 1 541
2. il = == Il

J

PrRoOOF. Define t, =t — 1+ a. We calculate the vector

Ja.b R
|1/};l12> =1l W’Z >

J j—1l,a,b

Both vector |7 b i]-> and subspace Tj_1,q,5 are fixed by

,,,,,

Uﬂ—|x> = |:Cﬂ.(1) . .’rﬂ.(n>>

for any permutation 7 that fixes 1 and maps {i1,...,%;}
to itself. Hence \1/)“ f’---,z ) is fixed by any such Ur as well
Therefore, the amplitude of |z) with |z| = t4, 1 = b in
|1/1 7777 ij) only depends on |{i1,...,4;} N{i : z; = 1}|, so
|’l/)211j> is of the form
J
[Va,p) = Z Km Z |).
m=0 z:|x|=tq,x1=b
i1yt tn{i:z; =1} |=m

To simplify the following calculations, we multiply ko, ..., k;
by the same constant so that x; = 1/4/(;"~ 3] ~'). Then

|’lZJ?1bZ]> remains a multiple of |v,,) but may no longer be
equal t0 |Uqp).
Ko, - - -, Kj—1 should be such that the state is orthogonal to

T;_1,q,» and, in particular, orthogonal to the 5tates |¢“’b i)
for all £ € {0, .. i) =0

N e e R

To show that, we first note that \w """ ;,) 18 a uniform super-
position of all |z) with || =4, 21 =0, 24y = =25, = 1.
If we want to choose x subject to those constraints and also
satisfying [{1,...,4;} N {¢ : &; = 1}| = m, then we have
to set x; = 1 for m — ¢ different ¢ € {i¢41,...,7;} and for
ta —m — b different ¢ ¢ {1,41,...,4;}. This can be done in
( fn :EZ) and (z::zn ilb) different ways, respectively.

By solving the system of equations , starting from
¢ = j — 1 and going down to ¢ = 0, we get that the only
solution is

,j —1}. By writing out (vg|y™°

o ()
Rm = (—1)J_mﬁli] (21)
tq—m—b.
Let |vg ) = I\Z“’f))“ be the normalized version of |vg.p).
Then
_
G20 ) = (halbl )l
~ (Va, bWJ i >
a,b a R e S REeT
[ [ (A i) = W (22)
We have

<UCL b|¢11, 1 > 1>



because |'L/) """ ;,) consists of (" 1) basis states |z), 21 =
b, ;; = -+ = z;; = 1, each having amplitude 1/ (t’ljffb)

in both |vgp) and W)Z?
j .
m=0 fa —m =
j —i1y?

_ <,] (tn 713711)) 2
= m Taim1y
m=0

a_J .
(t::mi—b) ’
J

;). Furthermore,
k)

J
m

I
(-
S
3 <
< N~
sl s
i
(R
= o =
v\_/

m=0
7i jY{ta—m-=0bln—te+m—j—1+4+0d)!
_m:0 m (ta—7—b)l(n—ta —140)!

J . . _\i—m
- ) _lazm=b)=* (23)
=\m)(n—ta—1+0)

Here the first equality follows because there are ( ) ( t:_fn 1b)

vectors x such that |z| = tq, 1 = b, z; = 1 for m different
i € {i1,...,i;} and t, — m different ¢ ¢ {1,41,...,4,}, the
second equality follows from equation and the third

equality follows from our choice x; = 1 / (= lb)
From equations |(22)| and [(23)} |4 “ N | = \/7 where
e b
Aap =3 Cap(m) and

(i) (ta—m—0b)™
Ca,b(m) - <m> (Tl —t,—1 +b)j—m

The terms with m > j are zero because (fn) =0 for m > j.
We compute the combinatorial sum A, ; using hypergeo-
metric series |16} Section 5.5]. Since

Cop(m+1) _ (m
Cap(m)

is a rational function of m, A, is a hypergeometric series
and its value is

Aa,b - Z Ca,b(m) =
m=0

We apply Vandermonde’s convolution F( 7];/‘ N = (z —

)L/ (—y)L (16, Equation 5.93 on page 212], which holds for
every integer j > 0, and obtain

(ta — b)L (n—g). _ (n—j)?

Auy = . - N
P i ta— 140 (ta—b)  (n—te—11b)

—J)m+n—ta—j+b)
(m+1)(m —te + )

Ca,p(0) - F(_j’ ”7tatjr_bj + b‘1).

This proves the first part of the claim, that [¢®°

@ =

V(n—ta = 1+b)/(n - j)L.
The second part of the claim follows because
7a,0 X
”wil,m,ijl‘ _ (n—ty—1)2 _ n—te—7j
[ n—tr  V n—t
Y T S RV S
n—tq n/2 /2

because j < to/2, and to < n/2.

For the third part,

AroAoa ((n— 1)2)?
Ao,041,1 n—t+10)i(n—t—1)~2

(n—t+1)(n—t—7j)’
which is 1 +0(j/n%) = 1+ O(1/t) for t <n/2 and j < t/2.

The expression in the third part of the claim is the square
root of this value, hence it is 1+ O(1/t). [

CrLamM 19. If j < t/2, then B <

ProOF. Define t, =t —1+a. By|Claim 18| Hw _____ || >

f”%l, > H That implies
r_ n—tq ~a,0
%o = n—j | i1, 1]”
S LVt Vi =] e L Vit
TV2VEa = V=G 2(ta —4)
and hence
—la n+ta — 2
N(CALE AL ¢ =Y j
2ta—3) " 2(ta — J)
Then, using j < %«1,
6 Ba \/tifj
ERVICAE S Unthoz -
i 1
CrLamM 20. If j < t/2, then |aoB1 — a18o| = O (ﬁ) ]

PROOF. We first estimate
aofr _ ap81 _ (n—t+1)(t—j) 17 11 H”d’
arfo  ayf m=tt—-1-35) [¥:° HIW)H,

By [Claim 18] we have
(n—t+1)(t—7j)

an (o) =

Since \/tivf;i] 1/1+t1]_1+0(t13):1+0(%)

and, similarly, V\’}g =1+0(-%) =1+ 0(3), we have

shown that Z?—gé is of order 1+ O(4). We thus have

1 1 t 1
|aoBr—Bocr| = O (;) |Boar| = O <t . \/2) =0 <ﬁ) ,
thanks to|Claim 19| and the fact that |an| < 1. O

We pick an orthonormal basis for H4 that has |¢1) and
|p2) as its first two vectors. Let |¢3) and |¢4) be the other
two basis vectors. We define

Ixi) = |9:) @ [th2) @ -+ @ |¢hk). (24)

By|Claim 17| |x1) belongs to S; + ® Rj, ® - - - ® R;, which is
contained in Rmin(j,t/2)+jo++jj, - Similarly, |x2) belongs to




Romin(+1,t/2)+jo+-+55 a0d |[x3), [xa) belong to Ry /oy jot.. ity -

If j < t/2, this means that

P(paa) =¢ 1. (qj<><1|pd,1|><1> + ¢’ (x2lpa|xz)

t t
+q2 (x3lpa,1lxs) +q2 <X4\Pd,1|x4>) (25)

If j > t/2, then |x1), |x2), |x3), [xa) are allin R¢ oy jo 4.4y, -
This means that P(ps1) = ¢/**72% %% and it remains
unchanged by a query.

We define v¢ = (x¢|pa,1]xe). Since the support of pg,; is
contained in the subspace spanned by |x.), we have 71 4+
Y2 +v3 + v4 = Trpq1 = 1. This means that equation
can be rewritten as

Plpas) = @ HtFikny, 4 gitizttictl o

+ qt/2+j2+"'+jk (73 + 74)
_ qt/2+j2+'“+jk + qj2+“‘+jk (qj+1 _ qt/z)(% +72)+
g g, (20

P(pj,1) can be also expressed in a similar way, with 7 =
(xjlpa1lx;) instead of v;. By combining equations [(26)| for
P(pa,1) and P(p,), we get

P(p;l,l) — P(paq1) = qj+j2+~~+jk (qt/zfj —q)
S+ Y2 — A — )+ @RI (g 1)y, — ).

Therefore, it suffices to bound |y1 +v2—v1 —72| and |y1 —~1]-
W.l.o.g. we can assume that pg 1 is a pure state |¢){p|. Let

lo) = (althoo) + blhor) + cltpio) + dlth11)) ® [th2) @ - - @ |9h).

Then the state after a query is
") = (altpoo) — blbor) + clihio) — dl1h11)) @ |1h2) @ - - - @ [1hx)

and we have to bound

ve =0 = |{xel@)* = [(xel)|?
for £ € {1,2}. For £ =1, we have

(x1le) = aao + bfBo + car + dfs.

The expression for ¢’ is similar, with minus signs in front of
bBo and dB1. Therefore,

1Ol = [xale') ]
< 4al|blaofo + 4lc||d|a1 81 + 4]a|ld]|coB1 + 4]b]|c|aifo.
(27)

Since |a|, |b], |¢|, |d| are all at most ||¢|| = 1 and ao, a1 are

less than 1, equation |(27)[is at most 8o +841. By|Claim 19|

we have
’ 2t
[y =1 <860 + 861 < 16\/;

|71 4+72 — 711 — 72|
=[xl + [czle) | = 10ale’)? = [{xale’)?|
< 4alld||voB1 — a1 Bo| + 4]bl|c||a1Bo — o i
8C
< 8lapfi — a1fo| < —=

Vin

We also have

S

where C' is the big-O constant from By taking
into account that P(pg,1) > ¢/ 72+ Tk

P& ) - Pl o)
< (@7 =032 + =052 Pl

Vin
16+/2t

g((qt”—l)\%m*l) ﬁ)Puw«oD. (28)

This proves for the case when the support of pg 1
is contained in Ha. (If pg,1 is a mixed state, we just express

it as a mixture of pure states |p). The bound for pg4,1 follows
by summing equations for every |¢).)

For the general case, we divide the entire state space Hr
into 4-dimensional subspaces. To do that, we first subdivide
‘H; into subspaces

(S,0,0 D Sj,01 D Sj1,0D55,1,1) @Rj, @--- Q@ Ry, (29)

Let states |w??>, i € [dim Sj,0,0] form a basis for S; 0,0 and
let [1)177) = Ugp|917) for (a,0) € {(0,1), (1,0), (1,1)}, where
the U, are the unitaries from [Claim 16| Then the |¢{"})
form a basis for Sj q.p.

Let |t1,:), % € [dim Rj,], form a basis for R;,, 1 € {2,...,k}.
We subdivide into 4-dimensional subspaces Hj,,... i,
spanned by

W50 ® [1h2i) ® - @ [Yk,3,.),

where a, b range over {0,1}. Let Hqy be the collection of
all H;, ..., obtained by subdividing all subspaces We
claim that

Po)= Y P(lup). (30)

HeH

Equation|(30)|together with equation|(28)|implies

Since P(p) is defined as a weighted sum of traces Tr1lx,, p,
we can prove equation |(30)| by showing

TI‘HRmpd,lz Z TI‘HRmHdeJ. (31)
HeH

To prove we define a basis for Hr by first decomposing
‘H into subspaces H € Hau, and then for each subspace,
taking the basis consisting of |x1), |x2), |x3) and |x4) defined
by equation [(24)] By [Claim 17} each of the basis states
belongs to one of the subspaces R,,. This means that each
R is spanned by some subset of this basis.

The left hand side of is equal to the sum of squared
projections of pg,1 to basis states |x;) that belong to Ru,.
Each of the terms TrIlz,, 1 pq,1 on the right hand side is
equal to the sum of squared projections to basis states |x;)
that belong to R.,, N H. Summing over all H gives the sum
of squared projections of pq,1 to all |x;) that belong to R,.
Therefore, the two sides of are equal.
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