What is a graph limit?
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For S C V(G), induced subgraph G[S] := (S, E(G)N (g))

if S ={1,2,3}: !
G[S] = (5,{13,23}) 1

Our object to study: (Gy, Gy, ... ) sequences of graphs

mainly for convenience, assume v(G,) — oo
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by Borgs Chayes, Lovasz, Sés, Szegedy, Vesztergombi

t(Gp, F) := probability random |F| vertices of G, induces F

— g — i t(Gnp, F) =1

sequence (Gp,) is convergent if t(Gp, F) converge for every F

® compactness = every sequence has a convergent subsequence

Gp = K, Gp = n,n Gp = n,2n Gp =

& E =
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Graph limits — counting point of view

F :={all finite graphs F}  (G,) convergent sequence of graphs
limit object: g : F — [0, 1], where q(F) = limp_0 t(F, Gp)

e linear extension of g:
2 1 — 2 1
(B +3V) = 24(V) + 14(\V)
lifting up in g:

(I) =« +3V+V)

product of graphs in g:
()=o)
= [xo=5 " +5V+V

e g is homomorphism RF — R with g(F) >0 for all F € F
e for every such g there is convergent (G,) so that (G,) — g
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e sampling W-random graph of size k from W:
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o W and W’ are weakly isomorphic if VF : t(W, F) = t(W', F)

e for every convergent (G,) — graphon W s.t. for all graphs F
t(W,F) = limp_00 t(Gp, F)

e sequence of W-random graphs converges to W with prob. 1
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Neighborhood functions / rooted homomorphisms

e Consider convergent (G,) — homomorphism g / graphon W
e fix v € G,, F! := {all graphs with one marked vertex}

e consider probabilities p¥(F!) for every F1 € F1

e choose uniformly at random v € G,, — a random function p},

e rand. functions p’ weakly converge to a random function q*
random function q* < pick rand. x € [0,1] f(y) := W(x,y)
e Averaging argument:

E.a'(],) = o(])
- L] =1

e Cauchy-Schwarz inequality:
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Thank you for your attention!



